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Invariant random subgroups

Let G be a countable group

Let S(G) be the set of all subgroups of G

S(G) ⊂ {0, 1}G is a compact subset

G acts on S(G) by conjugation

A Borel probability measure on S(G) invariant under the action of
G is called an Invariant random subgroup (IRS).
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Invariant random subgroups

Examples:

1. If N E G then δN is an IRS.
2. If H ≤ G has finitely many conjugates than the uniform

distribution on the set of conjugates of H is an IRS.
3. Let G be locally compact and H ≤ G a lattice with a G

invariant probability measure µ on G/H.
Let φ : G/H → S(G), gH 7→ g−1Hg . Then φ∗(µ) is an IRS.

4. Let G act on a probability space (X , µ) by Borel and measure
preserving transformations, and
Stab : X → S(G), x 7→ StabG(x). Then Stab∗(µ) is an IRS.

Theorem (Abert,Glasner,Virag, 2014)
All IRS of a group arise from probability measure preserving
actions.
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Invariant random subgroups

Question: (Vershik) Which groups admit continuous (non-atomic)
IRS? For a given group classify the (ergodic) IRS.

Theorem (Stuck and Zimmer, 1994)
SLn(Z), n ≥ 3 has no non-trivial ergodic IRS.

Theorem (Vershik, 2012)
Classification of IRS of the infinite symmetric group.

Theorem (Bowen, 2015)
Fn, n ≥ 2 has 2ℵ0 continuous, ergodic IRS.

Theorem (Bowen, Grigorchuk and Kravchenko, 2015)
Groups of the form (Zp)n o Z have 2ℵ0 continuous, ergodic IRS.
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Growth of groups

Let G be a finitely generated group and S a finite generating set.

|g |S = min{n | g = s1s2 . . . sn, si ∈ S±}

γ(G,S)(n) = #{g ∈ G | |g |S ≤ n}

(Alternatively, γ(G,S)(n) is the cardinality of the ball of radius n in
the Cayley graph of G with respect to S).
If S1 and S2 are two generating sets of G then γ(G,S1) ∼ γ(G,S2)

f1 ∼ f2 ⇐⇒ f1 � f2 and f2 � f1
where

f1 � f2 ⇐⇒ ∃C > 0, f1(n) ≤ f2(Cn) ∀n
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Growth of groups

G has

Polynomial growth if γG ∼ nd for some d > 0
Exponential growth if γG ∼ en

Intermediate growth otherwise

Theorem (Dixmier, Wolf, Guivarch, Bass, 1968-1972)
A finitely generated nilpotent group has polynomial growth.

Theorem (Milnor, Wolf 1968)
A finitely generated solvable group has polynomial growth if and
only if it is virtually nilpotent, and has exponential growth
otherwise.

Theorem (Gromov, 1980)
If a group has polynomial growth then it is virtually nilpotent.
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Growth of groups

Question: (Milnor) Are there groups with intermediate growth?

Theorem (Grigorchuk, 1984)
There are many groups of intermediate growth.

Precisely:
For each ω ∈ {0, 1, 2}N there is a marked group (Gω, Sω)
such that

1) If ω is not eventually constant Gω has intermediate growth,
2) If ω is eventually constant Gω has exponential growth,
3) The space {(Gω,Sω) | ω ∈ {0, 1, 2}N} is homeomorphic to
{0, 1, 2}N (and hence is a Cantor space).
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Groups of intermediate growth and IRS

A group of polynomial growth cannot have continuous IRS.
(Gromov’s Theorem + finitely generated virtually nilpotent groups
are finitely presented)

On the other extreme there are groups with exponential growth
possessing many continuous IRS (Such as Fn, n ≥ 2, (Zp)n o Z).

Question: Can a group of intermediate growth admit continuous
IRS? Can it have 2ℵ0 such IRS?
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Groups of intermediate growth and IRS

Let ω ∈ {0, 1, 2}N be not eventually constant.

The groups Gω act on the binary rooted tree by automorphisms
with the following properties:

1) transitively on the levels of the tree
2) branch

The action naturally extends to the boundary of the tree which is
homeomorphic to {0, 1}N
1) =⇒ the action preserves the uniform Bernoulli measure and is
ergodic.

2) =⇒ the map Stab : {0, 1}N → S(Gω) is injective.

(Such actions are called totally non-free)

Hence, Stab∗(Uniform Bernoulli measure) is a continuous, ergodic
IRS on Gω.
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ergodic.

2) =⇒ the map Stab : {0, 1}N → S(Gω) is injective.

(Such actions are called totally non-free)

Hence, Stab∗(Uniform Bernoulli measure) is a continuous, ergodic
IRS on Gω.
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Universal groups

Let C = {(Gi , Si ) | i ∈ I} be a collection of marked groups where
|Si | = k.

Let Fk be free with basis X .

Ni = Ker(Fk → Gi ) and NC =
⋂
i∈I

Ni .

The marked group (Fk/NC ,X ) is called the universal group of the
collection C.

To construct groups of intermediate growth with 2ℵ0 distinct
continuous, ergodic IRS we consider universal groups associated to
the family {(Gω,Sω) | ω ∈ {0, 1, 2}N}.
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Universal groups of intermediate growth

Theorem (B., Grigorchuk, Nagnibeda)
There is a subset Λ ⊂ {0, 1, 2}N of cardinality 2ℵ0 such that the
universal group associated to the collection {(Gω, Sω) | ω ∈ Λ} has
intermediate growth.

Given two sequences ω1, ω2 ∈ {0, 1, 2}N, let ω1 ∼ ω2 if there is
σ ∈ Sym({0, 1, 2}) such that ω2 is obtained from ω1 by applying σ
to each letter in ω1.

Theorem (B., Grigorchuk, Nagnibeda)
For any Λ ⊂ {0, 1, 2}N the universal group associated to the
collection {(Gω, Sω) | ω ∈ Λ} has at least |Λ/ ∼ | distinct,
continuous, ergodic IRS.

Hence, there are groups of intermediate growth with 2ℵ0 distinct,
continuous, ergodic IRS.
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Thank you!
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