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Abstract

Let G be a group and S a generating set of G. The Cayley graph, Cay(G,S) is defined to have a vertex
setV(Cay(G,S)) = G and an edge set, E(Cay(G,S)). Two vertices x and y in V(Cay(G, S)) are connected
if xy~! € S. In this research, the idea of the Cayley graph is extended by introducing a new type of graph
called the prime power Cayley graph, in which the vertices of this graph are the elements of G and S has
prime power order. In this paper, the prime power Cayley graph is constructed for a cyclic group of order
p (p is a prime), and its generalization is determined.
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Introduction
In 1988, Babai and Seress [1] introduced the Cayley graph of a group. The Cayley graph of a group G is

constructed based on its subsets S, a generating set of G. The Cayley graph contains a set of vertices
which comprises the elements of G. If xy~! € S, then any two vertices, x and y in G are adjacent. Many
types of research have been done on the Cayley graph. Kelarev [2] in 2002 explored the relationship
between the subsets of the group and the pattern of the Cayley graph. Then, Klotz and Sander [3] in 2007
studied the unitary Cayley graph. The authors focused on the properties of the graphs including the
chromatic number, the clique number, the independence number, the diameter, the vertex connectivity
and the perfectness of the graph. In 2008, Konstantinova [4] investigated the applications of the Cayley
graph in computer science, molecular biology and coding theory.

In 2015, Tolue [5] introduced the prime order Cayley graph which focuses on the subset
thatcontains prime order elements in G. Later in 2019, Tolue [6] introduced another type of Cayley graph,
namely the composite order Cayley graph which focuses on the subset that contains all elements of G
with composite orders. In the same year, Ida et al. [7] explored the topological indices of the composite
order Cayley graph of Z,n, X -+ X Z,ne. In 2020, Zulkarnain et al. [8] introduced the pi-Cayley graph by
considering the subset that contains the elements with certain p-power order.

In this research, a new graph is introduced, nhamely the prime power Cayley graph. This graph is
constructed for a cyclic group of order p, where p is a prime number.

Preliminaries
In this section, some basic concepts of group theory and graph theory which are used in this research are
included.

Definition 1 (Cyclic Group)
A group G is cyclic if there is an element x in G such that G = {x"|n € Z}.
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Definition 2 (Graph of a Group)

A graph of a group G denoted as I';, is a finite nonempty set of objects called vertices together with a
(possibly empty) set of unordered pairs of distinct vertices of I'; called edges. The vertex set of I'; is
denoted by V(I3;) is the elements of a group, while the edge set is denoted by E(I};) represents the
adjacency of the vertices.

Definition 3 (Order of a Group)
The order of I';; is equal to the total number of vertices of I';.

Definition 4 (Complete Graph)

A graph I'; is complete if all vertices of I'; are pairwise adjacent. A complete graph on n vertices is
denoted as Kn.

Definition 5 (Cayley Graph)
A graph, Cay (G,S) is a Cayley graph on a group G if there is a subset S of G with § = S~1, such that
V(Cay(G,S)) = G, and two vertices x and y are adjacent if and only if xy~! € S.

Results and discussion

In this section, a new type of graph is introduced, named as the prime power Cayley graph. The prime
power Cayley graph differs from the Cayley graph in such that S has prime power order. The formal
definition of the prime power Cayley graph is stated in the following definition.

Definition 6 (Prime Power Cayley Graph)
Let G be agroup and |G| = py* - p3? - .- p:k where pi are primes. Let S be non-empty subset of G in which
S={x€eG:|x| = pl.k", 1<k;<a,i=12,..,k}and S = S71:= {s71|s € S}. The prime power Cayley graph,
denoted as Cay(G,S), is a graph where the set of vertices of the graph are elements of G, and two distinct
vertices, x and y, are adjacent if xy~! € S for all x,y € G.

Next, the prime power Cayley graph is illustrated in the following two examples. Example 1
showed the construction of the prime power Cayley graph of the cyclic group of order 5.

Example 1

Let G1 be a cyclic group of order 5 and Ss a non-empty subset of G with
S={xe G :IxI=5}={x, x2, x3, x*} and S=S""1. Then, the prime power Cayley graph of G, denoted as
szy( G, S) is K5 where K5 is the complete graph of order 5.

Proof

Let Gi1 be a cyclic group of order 5 and S be non-empty subset of Ga,
S={xe G, |x|=5}={xfe G :1<is< 4}. G:1 is generated by generator x with the set of elements
fe, x, x%, x% x*}. All elements in G are order 5 except for the identity, e. By referring to the definition
of prime power Cayley graph, the adjacency between two distinct vertices are observed.

The two distinct vertices, x' and e are always adjacent with each other in C?ay( G, S) forl<i<4

since *'-¢™'=x'€ S The same calculations are used to observe the relation between *' and X’ for
1<i—j<4 The calculations are divided into two cases. The first case is when i=j and the second case
is when 17 j» 1>]. The two distinct vertices, x’ and */ are not adjacent with each other for the first case
since X\ x /=e¢ 55. Next, for the second case where i>j, the vertices x% and ¥/ are always adjacent
with each other since X'* X /# ¢ € S,
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Then, X’ is always adjacent with e for 1< <4 and *' and */ are always adjacent for I # J,
1<i—j<4 Thereis no lope in the same vertices since X'- X /# e € S forizj, | < i— j< 4 Therefore, a
complete graph with five vertices is formed since all elements are adjacent with each other as showed in
Figure 1.

Figure 1 The prime Cayley graph of the cyclic group for order 5

Next, Example 2 showed the construction of the prime power Cayley graph of the cyclic group of
order 7.

Example 2
Let G2 be a cyclic group of order 7 and S a non-empty subset of Gz with

S={xe G :IxI=T}={x, x2 x5, x* x5, x% and S=S5"1. Then, the prime power Cayley graph of G,
denoted as Cay( G, S) is K, where K _ is the complete graph of order 7.

Proof

Let G2 be a cyclic group of order 7 and S be non-empty subset of G,
S={xeGlIxI=7}={x'e G: 1<i<6}. G2 is generated by generator x with the set of elements
(x, x2, %3, x4 x5, X8} Al elements in G2 are order 7 except for the identity, e. By referring to the

definition of prime power Cayley graph, the adjacency between two distinct vertices are observed.
The two distinct vertices, x' and e are always adjacent with each other in Ca}’( G, S) for L<i<6

since *'-e~'=x'€ S, The same calculations are used to observe the relation between *' and X/ for
1<i—j< 6, The calculations are divided into two cases. The first case is when i=j and the second case
is when {7 J, i>j. The two distinct vertices, x* and ¥ are not adjacent with each other for the first case
since X'-x/=eg S, Next, for the second case where i>j, the vertices x'and ¥ are always adjacent with
each other since X' - X /# ¢ € S

Then, xf s always adjacent with e for 1<i<6, and x' and */ are always adjacent for (%],
1<i—j< 6 There is no lope in the same vertices since X' - * ™/ # ¢ € S for i=j, | £ i—j < 6, Therefore, a
complete graph with seven vertices is formed since all elements are adjacent with each other as shown
in Figure 2.

Figure 2 The prime Cayley graph of the cyclic group for order 7
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The construction of the prime power Cayley graph of the cyclic group of order p, where p is a
prime number, is shown in the following theorem. The simplest case is used for constructing the graph
whichisk=1and a; = 1.

Main Theorem

Let G be a cyclic group with order p, where p is a prime number. Let S be a non-empty subset of G in
which S = {x € G: |x| = p} and S = S~1. Then, the prime power Cayley graph of G, Cay(G, S), is a complete
graph of order p, Kp.

Proof

Let G be a cyclic group of order p, |G|=p and S be non-empty subset of G, S = {x € G: |x| = p}. The group
G is generated by x with the set of elements {e, x, x?, ..., xP~1}. Since p is prime, all elements of G are of
order p except for the identity, e. Hence, S = {x, x%,x3, ..., xP1}.

Based on the definition of prime power Cayley graph, the vertices x' and e are always adjacent
with each other in Cay(G,S) for 1 <i < p — 1 since x! - e~! = x! where x! € S. The same calculations are
used to observe the relation between x'and X for 1 < i < p — 1. The calculations are divided into two cases
where the first case is when i = j and the second case is when i # j and i > j. For the first case where i =
j, X' and x! are not adjacent since x'- (x/)"' =x'- (x))"' =x° =1 =e ¢ S. Hence, there is no self-loop
edges. For the second case where i # j,i > j, X and Xl are adjacent since x' - (x/)™' = x'/ e €.

From these calculations, x' and e are always adjacent with each other for 1 < i < p — 1, and x'and
x are always adjacent with each other for i # j,i > j and 1 < i < p — 1. Therefore, all vertices in prime
power Cayley graph of G, Cay(G,S) are always adjacent with each other and form a complete graph with
p vertices, Kp.

Conclusion

In this paper, a new graph is introduced, which is called the prime power Cayley graph. This graph has
been constructed for a cyclic group of order p, where p is a prime number, and is found to be a complete
graph of order p, Kp. Two examples have been provided to illustrate this new graph.
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