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Abstract

Energy of a graph is the sum of the absolute value of the eigenvalues of the graphs’ adjacency matrix.
The energy of graphs has various applications in mathematics and other areas of science, for example,
in understanding the partition problem of the adjacency matrix associated to the optimization problem.
Thus, many researches have been conducted in investigating the energy of graphs including the energy
of Cayley graphs of symmetric groups and energy of connected and undirected graph of order less than
ten. In this research, the main objective is to compute the energy of the composite order Cayley graphs
of the quaternion groups of order at most 32. A composite order Cayley graph of a group is a pair of
set of vertices and set of edges, where the set of vertices contains the elements of the group and two
distinct vertices x and y are adjacent when xy~! € S, where S is a subset of composite order elements
of the group. In order to compute the energy of the composite order Cayley graphs of the quaternion
groups of order at most 32, the structures of the graphs are first examined by reconstructing the graphs
by using GeoGebra software based on the definition of the composite order Cayley graph and the
presentation of each of the groups. Then, by referring to the adjacency of the graph’s vertices, the
adjacency matrix of the graph is determined, and the energy of the graph is computed based on the
eigenvalues of the adjacency matrix. Maple software is used to assist in the computation of the
eigenvalues of the graph’s adjacency matrix. As a result, the energy of the composite order Cayley
graphs of quaternion group of order eight, 16 and 32 are found to be 12, 28 and 60, respectively.
Keywords: Energy of graph; Cayley graph; quaternion groups; adjacency matrix; eigenvalues.

1. Introduction

A graph is a structure consisting of vertices and edges such that there exists a connection on these
vertices with the edges. In the construction of the graph, the vertices and edges are usually represented
by dots and lines respectively. The theory of graph has been introduced by Euler, who was a great
mathematician. Euler introduced this theory after he solved the Seven Bridge of Kénigsberg problem
[1]. After graph theory was introduced and studied in more detail, it has become essential knowledge
in modern mathematics and being utilised in many applications, such as linguistic, computer science,
chemistry and many more [2].

The energy of a graph is the sum of the absolute values of the eigenvalues of its adjacency matrix
where the adjacency matrix of a graph is the square matrix with the entries in matrix depend on the
adjacency of the graph’s vertices. Moreover, the energy of a graph has been defined by Gutman in
1978 [3]. Gutman became motivated to introduce the energy of a graph after finding out that Hiickel
proposed the Hiickel Molecular Theory in 1930s. This theory is an approximate method that has been
used by chemist in approximating energies correlated with w —electron orbitals in conjugated
hydrocarbons.
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The energy of various graph of groups became well known and has been extensively investigated
since 1978. For example, Shalini and Joseph [4], investigated the energy of connected and undirected
graphs of order less than 10. Since then, there are many researchers who investigate the energy of
certain graph of groups such as Gaidhani [5] and Prasad [6]. In addition, Ahmad Fadzil et. al also
investigated the energy of Cayley graphs for symmetric groups of order 24 [7].

Although many researches have been conducted on energy of graphs, there is no research done
yet on the energy of the composite order Cayley graph of quaternion groups. Therefore, the energy of
composite order Cayley graph of quaternion groups of order at most 32 is determined in this research.

A Cayley graph (also known as Cayley color graph or Cayley diagram) is one of the graph that
can be associated to group and is denoted by Cay(G, S), where S is a non-empty subset of a finite group
G. Tolue in [8] has introduced a new type of Cayley graph namely composite order Cayley graph. A
composite order Cayley graph denoted as Cay, (G, S), is a graph with a set of vertices consisting of the
elements of ¢ and two distinct vertices x and y are adjacent if xy™! € S, where S is a subset of G
containing elements of composite order.

Cayley graphs has been introduced by Cayley in 1878 to explain the concept of abstract groups
[9]. From the Cayley diagram, the elements of the group were represented by points and the operation
on the elements was represented by a directed line connecting the two points. This diagram concept
was developed and leads to the formation of a new type of Cayley graph [10].

In addition, the quaternion group of order 2™ is a nonabelian group with presentation

Qn=(ab|a?" " =eb?=0a?" blab=a"l),
where n > 3 [11]. This research will be focus for n = 3,4 and 5 which are the quaternion group of order
eight, Qg, order 16, Q,, and order 32, Q5.

Therefore, the energy of composite order Cayley graph of quaternion groups of order at most 32
is determined in this research.

2. Basic Concepts in Graph Theory and Group Theory
In this section, the definition of graph and some related definitions which are referred in computing the
energy of the graph are presented. To begin with, the definition of a graph is given as follows:

Definition 2.1 [12]  Graph
A graph is a pair T = (V(I), E(T)) of sets such that E < [V]?. Each element of V(T') is called a vertex
while the element of E is called an edges. An edge that connect two distinct vertices u, v € V(I') can be
denoted as {u, v}.

The main idea to determine the energy of graph is by calculating the sum of the absolute value
of the eigenvalues of the graphs’ adjacency matrix. The definition of the adjacency matrix of a graph is
given as follows:

Definition 2.2 [13]  Adjacency Matrix
Let T be a graph with V(I') = {v,,v,,v3, ..., v, } and E(I") = {ey, e,, €3, ..., &, }. The adjacency matrix of I
denoted by A(T) is the n X n matrix defined as follows.

A(F):{ xij=1ifvi~vj

where v; ~ v; represents the adjacency of v; and v;. Usually, A(T) is simply denoted by A.
In order to get the eigenvalues of the adjacency matrix, the characteristic polynomial need to be
obtained first.

x;j = 0 if otherwise

Definition 2.3 [6] The Characteristic Polynomial
Let A be an n x n matrix. The characteristic polynomial of A4 is the function f(21) given by
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FO) = det(4 — AL)

Definition 2.4 [13] Energy of Graph
For any graph T, the energy of the graph, ('), is the sum of the absolute value of the eigenvalues of
the graph’s adjacency matrix. The energy of the graph can be written as

e(r) = iw
i=1

where 44, 1,, ..., 4,, are the eigenvalues of the adjacency matrix of T.

The following is the basic concept needed in order to determine the energy of the graph for composite
order Cayley graph of quaternion groups, starting with the definition of generalized quaternion group.

Definition 2.5 [11] Generalized Quaternion Group
A generalized quaternion group, also known as a generalized quaternion 2-group is a group of order
2™. Forn > 3, the group has the presentation:

Q= {a,b|a® " =eb*=a?"",b~lab = a™?).

The definition of graph associated to groups also provided in this section and the following are some
important definitions of a graph related with group.

Definition 2.6 [14]  Graph of Group

A graph of group G denoted as [, is an object consisting of a collection of a pair of vertices, V and
edges, E labelled as I; = (V,E). The elements of G are the vertices of I; and the element of E(G) are
the lines that combine two elements of V(G).

Definition 2.7 [15] Cayley Graph of a Group

A graph I is a Cayley graph on a group G, if there is a subset S cG\e with § = S~ = {s71|s € 5}, such
that V(I;) = G, and two vertices g and h are adjacent if and only if hg™! € S. In other words, hg™* € §
implies that 3s € S with hg~! = s or h = sg. A Cayley graph can be denoted as Cay(G, S).

In 2019, Tolue defined a new type of Cayley graph namely composite order Cayley graph [8].
The definition of composite order Cayley graph are stated as follows:

Definition 2.8 [8] Composite Order Cayley graph

Let G be a group and S be a set of composite order elements of G. A composite order Cayley graph is
a graph containing a set of vertex for the entire element of G and two distinct vertices x and y are
adjacent when xy~! € S. A composite order Cayley graph can be denoted as Cay, (G, S).

Theorem 2.1 [16]
Let Q,» be a quaternion group of order 2", where n > 3. Let S be a subset of the composite order

elements of Q,n. Then, S = Qn \ Z(Q,n) = Qan \{e, aZ"‘Z}_

In this research, the energy of composite order Cayley graph of the quaternion groups are
computed.
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3. The Energy of Composite Order Cayley Graph of the Quaternion Group of Order Eight

3.1. The Composite Order Cayley Graph of Quaternion Group of Order Eight
The group presentation of Qg is given by:
Qs ={a,b|a*=e b2 =a? b tab=a1).
Based on the group presentation, eight elements of Qg is listed as follows:
Qg = {e,a,a? a3,b,ab,a?b,a3b}.

The subset of the composite order Cayley graph, S;, is identified based on Theorem 2.1, that is
every elements of Q,n is of composite order except e and a?"*. Since Qs = Q,3, n = 3, so, it implies
that e, a® & S;. Therefore, the subset S; of elements of Qg with composite order is

S; ={a,a® b,ab,a?b,ab}.
From Definition 2.8, the set of vertices of Cay.(Qg, S1) IS
V(Cay.(Qs,S1)) = Qs = {e,a,a? a* b,ab,a?b,a’b}.
Let s = a, a is adjacent to e since x(e™!) = a = x = a € §; implies that there exist s € S; such that
xy~! = s or x = sy. Meanwhile, a3 is not adjacent to a because a3(a™?) € S; which implies that there is
not exist s € S;. Therefore, to find the set of edges, the adjacency of pair of element must be examined
first. Hence, the set of edges of Cay,(Qg, S;) is:
E(Cay.(Qs,51)) = {{e,a’}, {e,a’b}, {e,a’b},{a, e}, {a, ab}, {a,a’b},{a? a}, {a? b},{a? ab},{a* b},

{a3,a?},{a3,a3b},{b,e},{b,a}, {b,a®b},{ab, e}, {ab,a®},{ab, b},

{a?b,a?},{a®b,a%},{a’b, ab},{a®b,a}, {a3bh,a?},{a®b,a?b} }.
After that, the composite order Cayley graph of Qg can be constructed by using GeoGebra software by
inserting the results for V(Cay.(Qs,S;)) and E(Cay.(Qg, S1)).

Next, based on the set of edges, the adjacency matrix of composite order Cayley graph of
guaternion group of order eight is determined in order to compute the total energy of the graph.

3.2. The Adjacency Matrix of Composite Order Cayley Graph of Quaternion Group of Order Eight

The adjacency matrix of Cay.(Qg,S;) is determined based on the structure of Cay.(Qs,S;) observed
from the set of edges of the graph. By Definition 2.2, the entry for the adjacency matrix is 1 when the
pair of elements are adjacent by an edge and 0 if the elements are not adjacent by an edge. For an
undirected graph, the value x;; = x;; for all i, .

In other words, the entry x,, is equal to 0 due to set {e, e} is not included in E(CayC(Qg,Sl)) which
shows that e is not adjacent to itself. Furthermore, the entry x;, = x,; is equal to 1 since {e, a} = {a, e}
is included in E(CayC(Qg,Sl)). Therefore, the element e is adjacent to a and vice versa. So, the other
entries are also determined in the same way. Therefore, the adjacency matrix of the composite order
Cayley graph of Qg is

01011111
1 01 01111
01 0 11 111
1 01 0 1 1 11
1 11 11 010
1 1110101
1 1111010

The next subsection is on the computation of the energy of prime order Cayley graph of the
guaternion group of order eight.
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3.3. Computation of the Energy of Composite Order Cayley Graph of the Quaternion Group of Order
Eight
Based on A(CayC(Qs, Sl)), by using Definition 2.3, the characteristic polynomial, f(A4) is obtained by

determining det (AI—A(CayC(Qg,Sl))) and the eigenvalues of A(Cay.(Qs,S;)) is determined by

det (/11 - A(CayC(Qg,Sl))) = 0.

Maple software is used in order to assist the computation of the characteristic polynomial of
A(Cay.(Qg, S;)). Therefore, the characteristic polynomial of 4 is

f) = 28 — 24° — 6425 — 48)%.

Next, to find the eigenvalues of the graph, the characteristic polynomial is set to be equal to zero, i.e.,
f(1) =0. The characteristic equation is simplified and implies A*(1 — 6)(1 + 2)3 = 0. Thus, the
eigenvalues of the characteristic polynomial of the composite order Cayley graph of Qz are 4, = 4, =
Aa=A,=0,2s=6and A, =1, = 15 = —2.

Then, the total energy of the graph can be calculated as (T) = Y[-,|4;| as stated in Definition
2.4. Hence,

e(Cay.(Qs, S1)) = 410] + 6 + 3|-2| = 12.

4. The Energy of Composite Order Cayley Graph of the Quaternion Group of Order 16

4.1. The Composite Order Cayley Graph of Quaternion Group of Order 16
The group presentation of Q,, is given by:
Qi ={a,b|a® =e,b?=a* b tab=a™1).
Hence, based on the group presentation, sixteen elements of Q, is listed as follows:
Q16 = {e,a,a? a3 a* a® a®a’,b,ab,a’b,a’b,a*b,a’b,a’b,a’ b}.

The subset of the composite order Cayley graph, S,, is selected with reference on Theorem 2.1,
that is every elements of Q,n is of composite order except e and a?"™. So, since Q16 = Q4+, n =4 and
this implies that e, a?*™~ ¢ S,. Therefore,

S, = Q16 \ {e,a*} = {a,a? a3 a®a%a’,b,ab,a’b,a’b,a*b,a®b,a’b,a’ b}.
Based on Definition 2.8, the set of vertices of Cay,.(Q4¢,S) IS
V(Cay:(Q16,52)) = Qi6 = {e,a,a? a* a* a5 a® a’,b,ab,a’b,ab,a*h,a®h,a’b,a’b}.

Let s =a?, e is adjacent to a? since x-(a®)"'!=a?>=x=e €S, such that xy™! =5 or x = sy.
Meanwhile, a? is not adjacent to a® because x - (a®)™! = a? = x = a® ¢ S, which implies that there is
not exist s € S,. Therefore, to find the set of edges, the adjacency of pair of element must be examined
first. Hence, the set of edges of Cay,(Qs,S;) is:

E(Cay:(Q16,5,)) = {{e, a}, {e,a?}, {e,a®}, {e,a"}, {e,a®}, {e,a"},{e, b}, {e, ab}, {e, a*b}, {e, a*b},
{e,a*b},{e,a’b},{e,a®b},{e,a’b},{a, b}, {a,ab},{a,a?},{a,a%} {a, a*},
{a,a®},{a,a’},{a,a?b},{a,a’b},{a, a*b},{a, a®b},{a, a*b}, {a, a®h},
{a,a®b},{a,a’b},{a? b}, {a? ab},{a? a®},{a? a*},{a? a®},{a? a’},
{a?,a?b},{a? a’b},{a? a*b},{a? a®b},{a? a®b},{a? a’ b}, {a® b},{a’ ab},
{a3,a*},{a3, a%},{a?,a®}, {a®, a?b},{a?, a®b}, {a®, a*b},{a? a®bh},{a’, a’b},
{a3,a’b},{a* a°},{a* a®}, {a% a®},{a* a®}, {a* a”},{a* b}, {a*, ab},

{a* a?b}, {a* a®b},{a* a*b},{a* a°b}, {a*, a®bh},{a* a’b},{a>, b}, {a®, ab},
{a® a®},{a® a’},{a® a?b},{a% a®b}, {a®, a*b},{a® a®b},{a® ab},

{a® a’b},{a® a’},{a® b}, {a®, ab}, {a® a?b},{a® a®b}, {a® a*b},{a® a®h},
{a® a®b},{a® a’b},{a’,b},{a’,ab},{a’,a?b},{a’,a®b},{a’, a*b},
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{a’,a®b},{a’,a®b},{a’,a’b}{b, ab},{b, a?b},{b, a®b},{b,a’b}, {b, a’b},
{b,a’b},{ab, a?b},{ab, a®*b}, {ab, a*b},{ab, a®b},{ab,a’ b}, {a*b, a’b},
{a?b,a*b},{a’b,a’b},{a?b,a’ b}, {a®b, a*b}, {a®b,a’b}, {a®b,a’b},
{a*b,a®b},{a*b, a®b}, {a*b,a’b},{a’h, a’h},{a®b,a’b},{a’h,a’b}}.

Then, GeoGebra software is used to construct the composite order Cayley graph of Q,, by
inserting the results for V(Cay.(Q¢,S,)) and E(Cay.(Q16, S2))-

In the following subsection, based on the set of edges, the adjacency matrix of the composite
order Cayley graph of quaternion group of order 16 is determined in order to compute the total energy
of the graph.

4.2. The Adjacency Matrix of Composite Order Cayley Graph of Quaternion Group of Order 16

The adjacency matrix of Cay.(Q, S;) is determined by using the group presentation of Q,, and the
definition of composite order Cayley graph. By Definition 2.2, the entry for the adjacency matrix is 1
when the pair of elements are adjacent by an edge and 0 if the elements are not adjacent by an edge.
For an undirected graph, the value x;; = x;; for all i, ;.

Therefore, the adjacency matrix of the composite order Cayley graph of Q¢ is
0 1 1 0 1 1111111

A(Cay (Q16,52) ) =

O N o Y S G S G Gy o R S Gy S SR e N T Y S S S
O N o Y S W S G Gy SN o S S N S G SR G o = S S

LN U U Y N
R R R R R R R R RRPRORRREO
R R R R PR R RRPRRORRROR
S e S N T W e e Y G S QY
R R R R R R R RPERRPRORRRLO
I T o S Ny S N o I S S SR S o ST
R R R ORRPRRORRRRERRR,
R R OR R RORRRRRERRR,
ORI R OR R R R R R R R
OR R R ORRRERERERR R |3 |
R R R ORRPRRORRRRERRR,
R R OR R RORRRRRERRR,
ORI R OR R R R R R R
e e el el B e el el el el el el el el il

4.3. Computation of the Energy of the Composite Order Cayley Graph of Quaternion group of the
Order 16
The eigenvalue of adjacency matrix of graph must be determined first in order to compute the energy
of the graph. By using Maple software, the characteristic polynomial of A4 is

fA) = 216 — 11221 — 896413 — 3360112 — 7168411 — 896011° — 61442° — 179218,
and the eigenvalues of the characteristic polynomial of the composite order Cayley graph of Q,, are
M= === =2=2,=23=0,=14and Ay = 41 = A = A3 = A4 = 415 = 415 = —2.

Therefore, the energy of the composite order Cayley graph of Q¢ is shown below:
e(Cay.(Q16,S,)) =8I0 + 14 + 7|-2| = 28.

5. The Energy of Composite Order Cayley Graph of Quaternion Group of Order 32

5.1. The Composite Order Cayley Graph of Quaternion Group of Order 32
The group presentation of Qs is given by:
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Q32 ={a,b|a'® =e,b?=a’ b *ab = a™?).
Based on the group presentation, the set of the elements of Q5, is listed as follows:
Qs ={e,a,a?a%a* a5 aba’,a® a’ a',a't, a'?, a3, a'*, a5, b,ab,a?b, a®b, a*b,
a®b,a®b,a’b,ab,a’b,a'’b,a'b, a'?b, a3b, a'*b, a*>b}.

Next, for quaternion group of order 32, the subset of composite order Cayley graph is chosen to
satisfy the condition of subset S, that is
S3 = Q32 \{e,a%}
={a,a? a3 a* a%a® a’,a’ a'® a'?,a'? a'3,a'*, a'® b,ab,a?b,a®b,a*b,a®b, a’h,
a’b,a®b,a’b,a'’b,a''b,a'?b,a*®b, a**b, a'°b}.

The set of vertices and edges of Cay,(Q5,, S3) are listed as follows:
V(CaJ’c(Q3z,53)) = Q3
={e,a,a? a3 a* a’® aba’,a® a’ a'® a'l,a'? a'? a'* a'® b,ab,a’b,a3b, a*b,
a®b,a®b,a’b,a®h,a’b,a'®b,a''b,a'?b,a'®b, a'*b, a*Sb}.

To determine the set of edges, the adjacency of pair of element must be checked first. Therefore,
the set of edges of Cay.(Qs,,S3) is

E(Cay:(Qs2,55)) = {{e, a},{e,a®},{e,a’},{e,a"}, {e,a®},{e,a®}, {e,a’}, {e,a%}, {e, a'*}, {e, a' "}, {e, a'?},
{e, a3}, {e,a*},{e,a’®},{e, b}, {e, ab}, {e,a’b},{e,a®b}, {e,a*b},{ e,a’h},{e, a®h},
{e,a’b},{e, a®b},{e,a’b},{e,a'’b},{e,a'' b}, {e, a'?b},{e,a'®b},{e, a'*b},
{e,a1°b}, 0,02}, {0, a*}, {a, a*}, (@, 0%}, {a, 0%}, @, 0"}, @, ) {a, @™},
{a,a''},{a,a'?},{a, a'®}, {a,a**},{a, a*"}, {a, b}, {a, ab},{a, a®b}, {a, a®b}, {a, a*b},
{a,a®h},{a,a®b},{a,a’b},{a, a®b},{a,a’b},{a,a*’b},{a, a''b},{a, a'?b},
{a,a*®b},{a,a*b},{a, a'®b},{a? a®},{a? a*},{a? a%},{a? a®}, {a? a’}, {a? a®},
{az’ a9}’ {az’ all}’ {az’ alZ}’ {az’ a13}' {az’ a14}' {az’ alS}' {az’ b}’ {az' ab}' {az’ aZb}’
{a? a3b},{a? a*b},{ a? a°b},{a? a®h},{a? a’b},{a? a®h},{a? a’b},{a? a'’b},
{az’ allb}, {a2’ alzb}, {a2’ a13b}, {az’ a“b}, {az' alsb}, {a3' a4}’ {a3' aS}’ {a3' aé}’
(a®,a7),{a?, a®), (@, a), {a®, '), {a?, a2}, {a?, a™3), {a?, a™), (a3, a'5), (a3, b},
{a3,ab}, {a®, a?b},{a®, a®b},{a®, a*b},{a® a®b}, {a3, a®b},{a? a’ b}, {a®, a®b},
{a3,a°b},{ad, a'"b},{a3, a''b}, {a3, a'?b}, {a3, a*®b}, {a3, a**b}, {a3, a'®h},

{a4—’ aS}’ {a‘l-’ a6}’ {a‘l-’ a7}’ {a‘l-’ ag}’ {a‘l—’ ag}, {a‘l—’ alO}, {a‘l—’ all}, {a‘l—’ a13}’ {a‘l-’ al‘l—}’
{a* a'%},{a* b}, {a*, ab}, {a* a?b},{a*, a®b},{a*, a*b},{a*, a®b},{a*, a®b},

{a* a’b},{a*, a®b},{a* a’b},{a* a'°b}, {a*, a'*b}, {a* a*?b}, {a*, a*3b},

{a4-’ a14b}’ {a4' ale}' {aS' aﬁ}’ {aS' a7}’ {aS' aS}’ {aS' ag}’ {aS' alO}’ {aS‘ all}’

{a® a'?},{a% a*},{a’ a'®},{a’ b}{a®, ab}, {a®, a?b},{a% a®b},{a’ a*b},

{a® a®b},{a’, a®b},{a® a’b},{a’ a®b}, {a® a’b},{a’ a'’b},{a’, a''h}, {a®, a'?h},
(a®,a3b}, {a, a'*b}, (a5, a’*b}, {a®, a”}, {a®, a®}, {a®, a®}, {a®, a'°}, {a®, a1},

{a®, a'?},{a® a'®},{a® a'®},{a’ b}{a® ab}, {a® a?b},{a® a®b},{a’ a*b},
{a®,a®b},{a® a®b}, {a® a’b},{a® a®b}, {a® a’b},{a’ a'’b},{a® a''b}, {a®, a'?h},
{aﬁ’ a13b}’ {aﬁ’ a14b}’ {aﬁ’ ale}’ {a7’ aB}, {a7’ ag}, {a7’ alO}, {a7’ all}’ {a7’ alZ}’
{a’,a'®},{a’,a**},{a’, b{a’, ab},{a’,a?b},{a’,a3b},{a’,a*b},{a’,a’b},
{a’,a®b},{a’,a’b},{a’,a8b},{a’,a’b},{a’,a'®b},{a’,a'*h},{a’,a*?b},{a’, a*3b},
(a7, a"b), (a7, a'5b}, {a®, a%}, {a®, a'®}, {a®, a''}, {a®, a'?}, {a®, a'®}, {a®, a'*},

{a®, a'%},{a® b}{a®, ab},{a® a?b}, {a®, ab},{a®, a*b}, {a®, a®b}, {a®, a®h},

{a8 a’b},{a8 a®b},{a’ a’b},{a®, a'°b}, {a® a''b}, {a®, a'?b}, {a’, a'3b},
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{aS’ a14b}’ {ag' ale}' {a9’ alO}' {a9’ all}, {a9’ alZ}, {ag, a13}’ {ag, a14-}’

{a®, a*5},{a® b}{a® ab},{a® a®b},{a’ a3b},{a’® a*b},{a® a®b},{a’, a®b},
{a®,a’b},{a’ a®b},{a® a’b},{a’ a'®b},{a’ a''bh},{a’, a'?b},{a’, a'3h},

(@, a'*b}, {a°, a’5b}, {a®°, al'}, {a®, a2}, {a’®, a'?}, (a0, a’*}, {a®, a'5),

{a'®, b}{a'®, ab},{a'® a?b}, {a'®, a3b}, {a'®, a*b},{a'®,a®b}, {a'?, a®b}, {a'®, a’ b},
{alﬂ’ agb}’ {alo' a9b}' {alo’ alOb}’ {al(), allb}’ {alo, ale}, {alo’ a13b}’ {al()‘ a14-b}’
{alo’ alsb}, {all' alz}’ {all' alS}’ {all, a14}’ {all, alS}’ {all, b}{a“, ab}, {all’ azb},
{a'!,a®b},{a', a*b}, {a'?, a®b}, {a'?, a®h}, {a'!,a’b},{a'?, a®b}, {a'!, a’b},

{all’ alOb}’ {all' allb}' {all’ ale}, {all’ a13b}’ {all, a14—b}, {all’ ale}‘ {alz’ a13}‘
(a'?,a'), (a2, a’%), (a2, b}, (a2, ab}, {a'?, a2b}, {a'2, a3b}, (a'2, a*b}, {a'?, ah},
{alz’ aGb}’ {alz' a7b}' {alz’ aSb}' {a12’ agb}’ {alz, alOb}, {a12’ allb}’ {a12‘ ale}’
{alz’ a13b}, {a12' a“b}, {alz’ alsb}, {a13’ a14}, {a13’ alS}, {a13’ b}, {als' ab},
{a'3,a%b},{a'3,a3b}, {a*?, a*b}, {a'3, a®b}, {a'3,a®bh},{a’3,a’ b}, {a'?, a®h},

{a13’ a9b}’ {a13, alOb}, {a13’ allb}’ {a13, ale}’ {a13, a13b}’ {a13’ a14b}’ {a13' ale}’
{alzl-’ alS}' {a14’ b}{a“, ab}, {a14’ azb}, {a14—’ a3b}, {a14, a4b}, {a14—, asb}, {a14-’ aﬁb},
{a14—’ a7b}, {a14’ aSb}' {a14’ aQb}, {a14, a10b}' {a14, allb}, {a14' a12b}’ {a14, a13b},
{a14—’ a“b}, {a14’ ale}' {a15’ b}{als, ab}, {a15, azb}, {als' a3b}, {a15’ a‘*b},
(a'%,a5h}, (a5, a®b}, (a5, a”b}, (a5, aBb}, {a’®, a®b}, (a5, aXOb}, {a'5, allh),
{a'®,a'?b}, {a*®, a*3b}, {a*®, a**b}, {a*>, a*° b}, {b, ab}, {b, a®b},{b, a®b}, {b, a*b},
{b,a®b},{b,a®b},{b,a’b},{b,a’b},{b,a'’b},{b,a'*b},{b, a*?b},{b,a'3b},

{b, a**b},{b, a*>b}, {ab, a’*b},{ab, a®b}, {ab, a*b}, {ab, a®b}, {ab, a®bh},{ab, a’b},
{ab, a®h},{ab, a'°b},{ab, a''b},{ab, a*?b}, {ab, a*®b}, {ab, a**b},{ab,a*5b},
{a?b, a®b}, {a’b,a*b},{a’b, a®b},{a?b,a®h}, {a®b,a’ b}, {a®b, a®b}, {a®b,a’b},
{a?b,a'*b},{a’b, a'?b},{a?b, a**b},{a®b, a**b},{a’b, a*>b}, {ab, a*b},
{a3b,a’b},{ah,a®b}, {ab, a’ b}, {a®b, a®h}, {a®h, a’b}, {ab, a'’b}, {a®b, a'?b},
{a®b,a*3b},{a®b, a'*b},{a®b, a*h},{a*h, a’b},{a*h,a’b},{a*h,a’b},{a*bh, a®b},
{a*b,a’b},{a*b,a'°b},{a*h,a**b},{a*h, a*®b}, {a*b, a**b}, {a*b, a'>b},
{a®b,a®b},{ah,a’ b}, {a’b, a®b},{a®b,a’b},{a’h,a'’b},{a®h, a'*b},{a®bh, a'?h},
{a®b,a**b},{a’b, a'5b},{a®b,a’b},{a®h, a®bh}, {a®h, a’b},{a’b, a'’b}, {a®h, a''b},
{a®b, a*?b},{a®b, a*3®b},{a®bh,a* h},{a’bh,alb},{a’b,a’b},{a’b, a'’b},
{a’b,a'*b},{a’b,a'?b},{a’b, a*®b},{a’b, a**b},{a®h, a’b}, {a®h, a'’b},

{a®b, a''b},{a®h, a*?b},{a®h, a*3b}, {a®h, a**b}, {a®h, a'>b},{a’h, a*"b},
{a®b,a''b},{a®bh, a?b},{a’h, a*3b},{a’b, a'*b},{a®bh, a*5b}, {a'’h, a''b},

{a'°b, a*2b}, {a'°b, a*3b}, {a'°b, a'*b}, {a'°h, a*5b}, {a''h, a'?b}, {al'h, a'3h},
{a“b, a“b}, {a“b, alsb}, {alzb, a13b}, {alzb, a“b}, {alzb, alsb}, {a13b, a“b},
{a'3b,a*>b},{a**b,a'5h} }.

Then, the composite order Cayley graph of Q;, can be constructed by using GeoGebra software.
Next, based on the set of edges, the adjacency matrix of composite order Cayley graph of quaternion
group of order 32 is determined in order to compute the total energy of the graph.

5.2. The Adjacency Matrix of Composite Order Cayley Graph of Quaternion Group of Order 32

The adjacency matrix of Cay.(Q44,S;) is determined by using the group presentation of Q,, and the
definition of composite order Cayley graph. Definition 2.2 says that the entry for the adjacency matrix
is 1 when the pair of elements are adjacent by an edge. Meanwhile, the entry will be 0 if the elements
are not adjacent by an edge. For an undirected graph, the value x;; = x;; for all i, ;.
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Therefore, the adjacency matrix of the composite order Cayley graph of Qs, is

A(Cay.(Q32,53) )

0 11 1111101111111 111111111111111 1
1 0111111101111 11111111111111111:1

1101111111 011111111111111111111:1

111011111 110111111111111111111171
111101111111 011111111111111111171
111110111111 1011111111111111111171
1111110111111 1101111111111111111171
1111111011111 11011111111111111171
6111111101111 1111111111111111111]1
1 0111111101111 1111111111111111171
1101111111011 1111111111111111111
111011111 110111111111111111111171
111101111111 011111111111111111171
1111101111111 011111111111111111171
1111110111111 101111111111111111171
1111111011111 11011111111111111171
1111111111111 11101111111011111171
1111111111111 1111011111110111111
1111111111111 111110111111101111]1
1111111111111 111111011111110111]1
111111111111 11111111011111110111
1111111111111 11111111011T111110171
1111111111111 11111111101111111201
1111111111111 111111111101111111290
1111111111111 1110111111101111111
1111111111111 1111011111110111111
1111111111111 111110111111101111]1
1111111111111 1111110111111101111
111111111111 11111111011111110111
1111111111111 1111111101111111011
111111111111 111111111101111111201
‘17 171111111111 1111111111101111111 0

5.3. Computation of the Energy of the Composite Order Cayley Graph of the Quaternion Group of

Order 32

Based on A(CayC(Q32,Sg)), by using Definition 2.3, the characteristic polynomial, f(4) is obtained. By

using Maple software, the characteristic polynomial of A is

f(A) =232 — 48023° — 896042° — 87360428 — 5591044%7 — 25625601 — 87859201%°

—23063040A** — 46858240123 — 738017284%2 — 894566404?* — 8200192042°

—550502402*° — 2555904018 — 734003214'7 — 9830404%°.

Next, the eigenvalues of the characteristic polynomial of the composite order Cayley graph of @5, are

Al =Az

=30

/‘117

=0,

= A6

= Ais

= A

=3

=2

= A1

== =A=4=4; =43 =2 =14
= A1 = A3 = A3

= -2

= A3,

= 431

= 130

= Az9

= Azg

= A7

= Az6

= Azs

= = =/124_

= 420

= 19

and 1,4

Then, the total energy of the composite order Cayley graph of @5, is shown as below:

£(Cay.(Qsz,S3)) = 160] + 30 + 15|—2| = 60.

Conclusion

As the conclusion, the energy of the composite order Cayley graphs of quaternion groups of order at

most 32 are presented as in Table 1 below.
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Table 1: The generalized quaternion groups and the composite order Cayley graphs of quaternion

groups of order 8, 16, 32 with their energy of the graph

Group Order | n Cay.(Qzn,S) £(Cay (@, S))
Qs =(a,b|a*=eb?=a% b tab=a"?) 8 3 : 12
Qi =(a,b|a® =eb*=a* b 'ab =a") 16 4 28
Q32 ={a,b|a'® =e,b? =ad b tab=a"?1) 32 5 60
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