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Abstract In general, genetic algebra is known as commutative but non-associative. Moreover, all 

derivation of associative and commutative algebras are trivial as stated by Kadisons theorem. In the 

current paper, we induce a genetic algebra from Quadratic Stochastic Operators (QSO)s. Then, by 

considering general case of the algebra defined on two dimension, the description of associativity and 

derivation is obtained. We know that associative and commutative algebra only have trivial derivation, 

hence, the existence of non-trivial derivation on such algebra is studied. 
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1. Introduction 

Based on previous research, the researchers are presenting the classes of QSOs, for example, 
Volterra-QSOs, b-bistochastic QSOs, doubly QSOs, separable QSOs and etc. Therefore, we would like 
to study genetic algebra in general setting.   The genetic Volterra algebras and some of their algebraic 
properties were studied by Ganikhodzhaev et al. [8].  Lately, Usmonov and Kodirova [26] made the 
relation for the case of Volterra QSOs between the evaluation algebras and the associated dynamical 
system. Motivated from those ideas, we are going to consider genetic algebra generated by QSOs 
which is simply called genetic algebra.  

Usually, genetic algebra generated by QSOs are commutative but non-associative. Therefore, we 
are going to interpret the condition for associativity of such algebra. Furthermore, some of algebraic 
properties of these formation have genetic connotation. Kadisons Theorem states that all derivations of 
associative and commutative algebras are trivial. Thus, we are going to describe the derivation of 
genetic algebra in general setting.  

Bernstein [6] state that the distribution evolution of individuals in a population was described using 
Quadratic Stochastic Operators (QSOs). Moreover, QSOs assumed a significant part of examination 
for the investigation of elements properties and models in various fields like biology, physics, economic 
and mathematics. 

The most common method for modelling inheritance in genetics is to use genetic algebras (possibly 
non-associative) in mathematical genetics. Further, the derivation of the operators from the class of 𝜉𝑠-
QSO  is trivial (mean zero) because of it is non-associative [19]. However, the presence of the nontrivial 
derivations of genetic algebra were established in dimension two by Mukhamedov and Qaralleh [16,17]. 

In Mathematics, the interesting structure is the algebras that occurs in genetic either via gametic 

or zygotic. According to Reed [20], these algebras are generally commutative but non-associative. They 

also not compulsorily Lie or Jordan or any alternative algebra. 
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2. Preliminaries 

 

Let us recall the definition of Quadratic Stochastic Operators (QSOs). Denote V be a mapping on 

the (𝑛 − 1)  dimensional simplex 𝑆𝑛−1, 
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where 𝑃𝑖𝑗,𝑘 are coefficients of heredity that satisfy the coditions 
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Furthermore, an algebra induces will be introduced by the operator V. Assume that 𝑋 =
(𝑥1, 𝑥2, … , 𝑥𝑛) and 𝑌 = (𝑦1, 𝑦2 , … , 𝑦𝑛) are the arbitrary vectors in ℝ𝑛.  Thus, we introduce the 

multiplication rule on ℝ𝑛 by 

 
,

. 1

( )
n

ij k i j

i j

P x y
=
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The pair (ℝ𝑛,∘) is called genetic algebra  and note that, the algebra is commutative i.e., 

( ) ( )=x y y x . In what follows,  is the standard basis in ℝ𝑛, i.e. 𝒆𝑖 = (𝛿𝑖1, 𝛿𝑖2, … , 𝛿𝑖𝑛) , where  is 

the Kroneker delta for any 𝑖 = 1,2, … , 𝑛 . Recall that, the genetic algebra A is associative if and only it 
satisfies the condition  

( ) ( )( ) ( )=x y z x y z   

Well-known Kadison's Theorem states that the derivation of associative and commutative algebras are 
trivial. On the other hand the reverse of the last statement may not be true, therefore it is interesting to 
describe the derivation of genetic algebras. We note that, a linear functional D is called derivation of the 
genetic algebra if D satisfying  

( , ) ( ) ( ),     for all ,D D D A= + x y x y x y x y   

( ) ( ) ( ) ( ) ( )1 1 1 1 1 2 1 2 2 1 2 1 2 2 2 2x y e e x y e e x y e e x y e e= + + +x y   

By using the definition of the associativity, one can show that the description of associativity of the 
genetic algebra on ℝ𝑛 by considering the associativity on the standard basis only. This fact is formally 
formulated in the following remarks: 
 

Remark 1 Suppose (A,∘) be a genetic algebra on ℝ2 and 𝑒𝑖 be the standard basis. A is associative 
if and only if  

( ) ( )   for all , , 1,2,...,i j k i j ke e e e e e i j k n= =   

Analogously, we have similar property to study the derivation of the genetic algebra as stated in the 
next remark: 
 
Remark 2 The linear operator D is derivative if and only if  

( ) ( ) ( ) for all , 1, 2,.., .i j i j i jD e e D e e e D e i j n= + =  

 

3. Associativity on Two-Dimensional Genetic Algebra 

 

In this section, a condition for associativity of genetic algebra defined on two dimensional is obtained. 
Due to Remark 1, the following multiplication table has created: 
 

∘ 𝒆𝟏 𝒆𝟐 

𝒆𝟏 (𝑎, 1 − 𝑎) (𝑏, 1 − 𝑏) 

𝒆𝟐 (𝑏, 1 − 𝑏) (𝑐, 1 − 𝑐) 

Table 4.1 Multiplication table (ℝ𝑛,∘) 
One can produce this table by the definition of genetic algebra. 
The theorem has been published in [8], but the proving was not given. Thus, the theorem fully describes 

the associativity of a genetic algebra defined on ℝ2. 

ie
ij
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Theorem 1 Let A be a genetic algebra and 𝒆𝑖 be the standard basis in ℝ2. A is associative if and 

only if (1 ) (1 )b b c a− = −   

Proof: Let the proof start by assuming A is associative and show that the equality (1 ) (1 )b b c a− = −  

is satisfied. By Remark 3.1, A is associative if and only if  ( ) ( )i j k i j ke e e e e e= . It is easy to show 

that ( ) ( ) ( ) ( ) and i j i i j i i i i i i ie e e e e e e e e e e e= =  are satisfied. 

Therefore, consider ( ) ( )1 1 2 1 1 2e e e e e e=   

By expanding the LHS, 

 

( ) ( )
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( ,1 )

e e e a a
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= + − − + − −
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Then, RHS were expand, 
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This implies that 2 2( ,1 ) ( ,1 )ab c ac ab c ac ab b b ab b b+ − − − + = + − − − + . So the corresponding 

components were equalized as below, 

 
2

(1 ) (1 ),

ab c ac ab b b

c a b b

+ − = + −

− = −
  

and 

 
21 1

(1 ) (1 )

ab c ac ab b b

c a b b

− − + = − + −

− = −
  

Hence, one gets (1 ) (1 )b b c a− = − . 

 
The other cases can be done similarly.  

Next, let us consider the reverse of the above theorem. Assume (1 ) (1 )b b c a− = −  is true, then one 

needs to proof that A is associative. Let add ab both sides of the equality (1 ) (1 ),b b c a− = −  then, 

 
2

(1 ) (1 )b b ab c a ab

b b ab c ac ab

− + = − +

− + = − +
  (5) 

Next, by multiplying −1 both sides followed by adding 1 ab− to the equality (1 ) (1 )b b c a− = − , one gets 

 
2

( 1) 1 ( 1) 1

1 1

c a ab b b ab

ac c ab b b ab

− + − = − + −

− + − = − + −
  (6) 

Combining (5) and (6) yield 

 

2 2

2

1 1 2 1 1 2

( , 1 ) ( , 1 )

( (1 ), (1 ) (1 ) ) ( (1 ), (1 ) (1 )(1 ))

(1, 0) ( ,1 ) ( ,1 ) (0,1)

( ) ( )

b b ab b b ab c ac ab ac c ab

ab b b b a b ab c a a b c a

b b a a

e e e e e e

− + − + − = − + − + −

+ − − + − = + − − + − −

− = −

=

  

Note that, the others cases can be proved in similar manner, thus show that A is associative. This 
ends the proof. 

 
Remark 3: In Afini, they induce a genetic algebra from a class of QSOs, namely b-bistochastic 

QSOs, and the algebra is called b-bistochastic genetic algebra. In that case, the heredity coefficient 

satisfy 
1

0,  
2

c b=   and they conclude that the algebra is associative if and only if b = 0. Hence, Theorem 

1 generalized the result obtained by Afini [4]. 
 

4. Derivation of Genetic Algebra on Two-Dimensional Simplex 

 

This section will describe the conditions on the genetic algebra that has trivial derivation only. However, 

the description of definition on derivation of genetic algebra has been proved by Afini [4]. 
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Theorem 2 Let D be a derivative for genetic algebra A. By assuming the following cases, 

 

(i)      0,

1
(ii)     0 and 1,

2

(iii)    0 and 1

a b

c b

c b

= =

=  

= =

  

Then, the associated genetic algebra is trivial derivation. 

Proof  Let D be a derivative for genetic algebra A. By Remarks 2, D is derivative if and only if 

( ) ( ) ( ) for all , 1,2.i j i j i jD e e D e e e D e i j= + = Therefore, a system of equations is obtained as 

following: 

 
11 12 212 (1 )                         0,ad bd a d+ − − =   (7) 

 
11 12 222(1 ) (2 2 ) (1 ) 0,a d b a d a d− + − − − − =   (8) 

 
12 21 22( 1)                     0,cd a b d bd+ + − + =   (9) 

 
11 12 21(1 ) (1 ) (1 )      0,b d c b d a d− + − − + − =   (10) 

 
11 21 12(1 2 ) 2                0,cd b c d cbd+ − − − =   (11) 

 
12 21 222(1 ) (1 )                  0.cd b d c d− − + − =   (12) 

i) Assume that 0,a b= =  then, the Equation (7) until (12) reduces to the following system: 

 
21                              0,d− =   (13) 

 
11 12 222 2           0,d d d+ − =   (14) 

 
12 21                      0,cd d− =   (15) 

 
11 12 21(1 )      0,d c d d+ − + =   (16) 

 
11 21(1 )             0,cd c d+ − =   (17) 

 
12 21 222 (1 ) 0.cd d c d− + − =   (18) 

From Equation (13), then 
21 0d =  and substitute the value into  Equation (15) and Equation (17) 

to obtain that 
11 12 0.d d= =  Hence, it is implies 

22 0.d =  Therefore, the derivation is trivial. 

ii) Consider that 
1

0 and 1,
2

c b=    then the system of Equation (7) until Equation (12) will reduce 

to the following system,  

 11 12 212 (1 )                         0,ad bd a d+ − − =   (19) 

 
11 12 222(1 ) (2 2 ) (1 ) 0,a d b a d a d− + − − − − =   (20) 

 21 22( 1)                               0,a b d bd+ − + =   (21) 

 
11 12 21(1 ) (1 ) (1 )           0,b d b d a d− + − + − =   (22) 

 
21(1 2 )                                             0,b d− =   (23) 

 
21 222(1 )                                  0.b d d− − + =   (24) 

From Equation (23), the value of 
21d is obtained which are 

21 0d = . Then substitute the value into 

Equation (21) and (24). It becomes 
22 0.d =  Thus, the system has been reduced as below, 

 11 122                         0,ad bd+ =   (25) 

 
11 12(2 2 ) (2 2 ) 0,a d b a d− + − − =   (26) 

 11 12(1 ) (1 )            0.b d b d− + − =   (27) 

 Since 1,b   then by Equation (27) will obtain that 
11 12d d= − . Thus substitute the value obtained 

to the other system (Equation (26) and (25)).  
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 11 11

11 11

2 0,

(2 2 ) (2 2 ) 0.

ad bd

a d b a d

− =

− − − − =
  

Hence, from the above system, it can be concluded that 
11 0.d =  Therefore, 

12 0.d =  In a nutshell, 

the value of derivative that is obtained is 
11 12 21 22 0d d d d= = = =  which implies that the derivation is trivial. 

iii) Now consider 0 and 1,c b= =  Equation (7) to Equation (12) will reduce into the following system:  

 
11 12 212 (1 )           0,ad d a d+ − − =   (28) 

 
11 12 222(1 ) (1 ) 0,a d ad a d− − − − =   (29) 

 
21 22                              0,ad d+ =   (30) 

 
21(1 )                              0,a d− =   (31) 

 
21                                      0,d− =   (32) 

 
22                                        0.d =   (33) 

From Equation (32) and Equation (33), it is clearly show that 
12 22 0d d= = . Then, substitute the 

value of 
21 22 and d d   into the Equation (28) and (29) becomes 

 
11 122           0,ad d+ =   (34) 

 
11 12(2 2 ) 0.a d ad− − =   (35)  

By solving Equation (34), the value of 
11d  will obtained which is 12

11

2d
d

a
= − . So by substitute the 

value of 
11d  into Equation (35) and gained  

 
12 12

2

12

2
(2 2 )( ) 0

(4 4 )
0

a d ad
a

d a a

a

− − − =

− +
− =

  

Now let consider that  

 

2

2

4 4 0

( 2) 0

2

a a

a

a

− + =

− =

=

 

Thus, the value obtained is 2a =  which contradicts with the condition in Equation (3). Hence, it 

is concluded that  
12 0.d =  Therefore, 

11 12 21 22 0d d d d= = = =  and implies that the derivation is trivial. 

From all these cases, it is shown that the theorem is proved. However, there exists a positive result on 

non-trivial derivation as the following example. 

Example 5.1  Let D be a derivative for genetic algebra A. By assuming the coefficients of 

heredity, 0,a b c= = =  there exist non-trivial derivation. 

Proof  Let D be a derivative for genetic algebra A. By using the same system of equation (Equation (7) 

to Equation (12)) and assume that 0.a b c= = = Then, the system will reduced and become: 

 
21                    0,d− =   (36) 

 
11 12 222 2 0,d d d+ − =   (37) 

 
21                   0,d− =   (38) 

 
11 12 21     0,d d d+ + =   (39) 

 21                     0,d =   (40) 

 
21 222         0.d d− + =   (41) 
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From the system of equations, it is clearly show that 
21 0d = and substitute the value of 

21d  into 

Equation (41). It concludes that 
22 0d = . Hence, it implies that 

11 12d d= − . Therefore, it is show that there 

exists non-trivial derivation. 

Remark 4: If 0,  c = the system of equations (Equation (7) to Equation (12))  reduce to Equation (19) to 

Equation  (24). This system has been considered by Afini [4] in which the non-trivial derivation is exists. 

Therefore, Theorem 2 is generalizing and the result obtained. 

 

Conclusion 

This paper studies the associativity and derivation of two-dimensional genetic algebra. The conditions 

for two-dimensional genetic algebra to be associative are determined. Furthermore, the condition of 

trivial derivations of two-dimensional genetic algebra are also described. 
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