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Abstract

Tuberculosis (TB) is caused by a bacterium called Mycobacterium tuberculosis. Tuberculosis is mostly
found in the lungs, although they can also be found in the kidney, spine, and brain. The goal of this
study is to investigate the dynamics of influenza transmission using the Susceptible — Exposed —
Infected - Recovered (SEIR) model, which is based on the compartmental dynamics of infectious
diseases. The SEIR model is based on the system of Ordinary Differential Equations (ODEs). The
model contains two non-negative equilibria which are the disease-free equilibrium and endemic
equilibrium. The stability properties of the proposed model are determined by the Routh-Hurwitz
criterion. The basic reproductive number, R,, is calculated using the Next-Generation Matrix Method. It
is acknowledged that when R, < 1, the disease does not spread. The simulations of tuberculosis
transmission are investigated using the ODE45 in MATLAB built-in tool. The values of certain
parameters are changed and compared to learn the effects of the outcome. Hence, the findings can be
used to prevent the spread of tuberculosis in the population.
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1. Introduction

Tuberculosis (TB) is a communicable disease that is a major cause of illness, one of the top ten
causes of death globally and the leading cause of death from a single infectious agent. In 2019,
approximately 10 million people were diagnosed with tuberculosis (TB) and 1.4 million died because of
the disease. Tuberculosis is caused by the bacillus Mycobacterium tuberculosis [1, 2], which is spread
when people with tuberculosis expel bacteria into the air, such as when coughing [3, 4]. The disease
most commonly affects the lungs (pulmonary tuberculosis), but it can also affect other organs
(extrapulmonary tuberculosis) [5, 6, 7]. Tuberculosis can affect anyone and anywhere but most people
who develop the disease (about 90%) are adults; men have more cases than women; and 87 percent
of those who became ill with tuberculosis in 2019 were in one of 30 high tuberculosis burden countries
[8]. Nationally, case rates range from less than 5 to more than 500 per 100,000 population per year [9].
People affected by tuberculosis often face economic hardship, vulnerability, marginalization, stigma,
and discrimination because the disease is a disease of poverty. Mycobacterium tuberculosis infects
about a quarter of the population of the world.

Tuberculosis is both curable and preventable. Most people (approximately 85 percent) who develop
tuberculosis can be successfully treated with a 6-month drug regimen. Treatment can serve as an
added benefit of preventing infection transmission [10, 11, 12]. Since 2000, tuberculosis treatment has
saved over 60 million lives [9], but with access still falling short of Universal Health Coverage (UHC),
many millions have missed out on diagnosis and care. People infected with tuberculosis can receive
preventive treatment. The number of people developing infection and disease which leads to death can
also be reduced through multisectoral action to address tuberculosis determinants such as poverty,
malnutrition, HIV infection, and diabetes [13, 14].
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Understanding the dynamics of tuberculosis disease transmission can help to avoid and control the
spread of the epidemic as the disease grows more severe. The dynamical transmission behaviour of
the tuberculosis illness will be discussed in this study to make use of the mathematical modelling
approach known as the Susceptible- Exposed-Infected-Removed (SEIR) epidemiological modelling.
Tuberculosis primarily affects adults in their prime years of life [15]. However, all age groups are at risk.
Over 95 percent of cases and deaths occur in developing countries [16, 17, 18].

The mathematical approach to this pandemic is also an important step in minimising tuberculosis
spread. The Susceptible - Exposed - Infected - Recovered (SEIR) model is one example of
mathematical modelling that can be used to understand the dynamics of tuberculosis illness. As a result,
the dynamics of illness transmission may be comprehended. Certain viable techniques for reducing the
impact of the tuberculosis epidemic may be presented. The significance of this study is to help us
understand how tuberculosis outbreaks spread. The value of parameters might be predicted based on
previous research on infectious disease. We can control it by changing the values of certain parameters.
The pandemic tuberculosis can then be predicted by calculating the basic reproduction number, R, at
the equilibrium points. The findings can be used to control the spread of the pandemic.

2. Literature Review

2.1. SEIR Model

This section briefly discussed the derivation of extended SIR model for the pandemic of tuberculosis.
The extended SIR model is called as Suspected-Exposed-Infected-Recovered (SEIR) model. The SEIR
model derivation and the stability analysis of the model will be carried out throughout this section. Also,
the Next-Generation Matrix method is employed to obtain the basic reproduction number and the local
stability of the tuberculosis distribution model is carried out [19].

The SEIR model is used to compute the number of infected, recovered, and dead individuals based on
the number of contacts, probability of disease transmission, incubation, and infectious periods as well
as disease fatality rate. SEIR is one of the most used mathematical algorithms to describe the spread
of an epidemic disease. The SEIR model is predicated based on the following biological assumptions
[19]:

1. A person can become infected simply by coming into contact with irresistible individuals.

2. The likelihood of an individual being tainted is unaffected by age, sex, societal position, race and
climatic conditions.

3. The passing rate is thought to be consistent across all hosts, and the total number of passings
is adjusted by complete enlistment, resulting in a consistent population.

4. Individuals have the same level of interaction with one another.

5. The disease spreads in a small area, implying that there is no emigration or immigration, as well
as no births or deaths in the population. As a result, the total number of individuals in the
population N remains constant.

6. The natural death rate in each compartment is the same.

The SEIR model considers a population of size N in which, at time t, S individuals are susceptible to
infection, E is the exposed, I individuals being infected and capable of transmitting or spreading the
disease to the susceptible population. R represents the number of people who have recovered from the
disease. This includes people who have died and cannot be infected again. The behaviour of the
disease is based on the 1930s work of Kermack and Kendrick [35]. Total population size by N(t) is as
follows:

N () = Si) + E(@) +1() + R(t)

(1)

Table 1. Parameters and the definitions

Parameter ‘ Definition
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B Rate of contact of effective
contacts with other
susceptible individuals
£ Rate at which the exposed
individuals become infective
y Recovery rate
u Birth and death rate
= = N — S = BSI, (2)
= PBSI = (u+ o, 3)
== eE - (u+7)l, (4)
Z—Iz =yl — uR. (®)
The nonlinear system of differential equations has the initial conditions
$(0)=5S,>0,E(0)=E, > 0,1 (0) =1, > 0andR (0) = R, > 0. (6)

The contact rate, the infection rate, the recovery rate and the birth and death rate are all non-negative
(B > 0,e >0,y > 0,and u > 0respectively. Thus, N(t) = S(t) + E(t) + I(t) + R(t) and
as dE

dt dt dt dt

2.2. Formulation of basic reproductive number, R, for tuberculosis
Basic reproduction number, R, is the expected number of cases caused by a single case in a population
where all individuals are susceptible to infection. The values of R, can be one of the three things [20]:
1. The basic reproduction number represents the average number of new infections for each
infected person. The greater the R, value, the faster the disease spreads, and the lower the R,
value, the slower the disease spreads.
2. Ry < 1 means the cases are stable.
3. Ry, >1 means the outbreak is self-sustaining unless effective control measures are
implemented.
Use the equations (3) - (4) to apply the next generation matrix method to determine the basic
reproductive number. The basic reproductive number, R, is

Be
Ry=——
07 (u+e)(u+y) (8)

3. Methodology

3.1. Existence of Equilibrium Points

The model has two equilibrium points called disease-free equilibrium and endemic equilibrium. For
obtaining the equilibrium points, the above differential equations should be equated to zero. Thus, the
equations can be written as

Byl d &y, 9)
dt dt dt dt

p—(u+pnNS=0, (10)
BSI—(u+¢e)E =0, (11)
eE—(u+y)=0. (12)

3.2. Disease-Free Equilibrium Points
In a disease-free equilibrium, the population is free from disease and consequently I = 0, we get
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S = 1and E = 0. Hence, the equilibrium point for the disease-free equilibrium is given as:
(S*,E*,I",R*) = (1,0,0,0). (13)
3.3. Endemic Equilibrium Points

The Endemic Equilibrium state indicates that the infection is still present in the structure. The endemic
equilibrium point will be determined ati # 0. Equations (10) — (12) can be solved to obtain the values
of S, E, I and R. Let Se, Ee, Ie and R, to represent the endemic equilibrium points for the respective
states. The endemic equilibrium points for the respective states are as follows:

_ (1 _uRo—1 pRo-1 y(uRo—1)
Sel Eel Iel Re - (RO,(#-FS)RO' ,8 ) Bﬂ ) (14)

3.4. Stability Analysis at Disease-Free Equilibrium Points (DFEP)

The Jacobian matrix for the Disease-Free equilibrium is given by

—u—BI 0 —-BS 0
* * Tk *) ﬁl _l'l' — £ ﬁS 0
J(S*,E*, I*',R*) = 0 . h—y 0 (15)
0 0 Y —u
Evaluate the Jacobian matrix at the equilibrium points (S*, E*,I*,R*) = (1,0,0,0) to get:
—u 0 ] 0
* PER L *\ O _H- — & ﬁ 0
0 0 Y —u

Solving for roots of the characteristic polynomial given in the Jacobian matrix leads to the characteristic
equation given as:

fA) = agd* + a, A3 + a,A% + az A + a,, (17)
Where

a, =1, (18)
a; =4u+y+e, (19)
a, = —Pe+ 6u% + 3uy + 3su + €y, (20)
as = —2&euf + 4pu3 + 3uPy + 3eu® + 2euy, (21)
a, = —cu?pB + p* + pdy + eud + eul. (22)

By Routh-Hurwitz Criterion, diseases-free equilibrium is stable if al > 0,a3 > 0 and ala2 —a3 > 0.
From equation (17), obviouslya, > 0Oanda; > 0if4p3 +3u?y +3ecpu? +2ecpuy >2cup
If in accordance with those conditions, this means that the system is locally asymptotically stable.

3.5. Stability Analysis at Endemic Equilibrium Points (EEP)
The endemic stable state has equilibrium point in term of R, in equation (3.6) given by:

_ (1 _uRo—1 pRo-1 y(uRo—1)
Sel Eel Iel Re - (RO,(#-FS)RO' ,8 ) Bﬂ ) (23)

The Jacobian matrix is given by
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—uR, 0 w0
B
JS*E,I'\R)=|HRoy—1 —p—e 0
0 £ —-u—y 0
0 0 Y —u

(24)
Solving for roots of the characteristic polynomial given in the Jacobian matrix leads to the characteristic
equation given as:

F(A) = byA* + b, 23 + b,A2 + by A + by, (25)

Where

by =1, (26)
by =Rou+2u+y+e+u, (27)
b, = 2Ryu? + Ryuy + €Ropt + Rou? + 2u% + yu + ep, (28)
by = Rop® + Rol®y + eRopty — 0* — py — eu — ey + 2Ro1® + Ropt® + Ry, (29)
by = Rop* + Rou’y + eRou’y — @ — Py — e — pey. (30)

Based on Routh-Hurwitz stability criterion, endemic equilibrium is stable if b, > 0,b; > 0, and b;b, —
b; > 0. If in accordance with those conditions, this means that the system is locally asymptotically
stable.

4. Results and Discussion

4.1. Result of Simulations of the SEIR Model

To perform numerical simulation, we adopt the parameter values that are chosen and modified from the
reference [19].

Table 2. Parameters and their estimated values used in the model.

Parameter Estimated Value
1 0.001
B 0.25
£ 0.15
y 0.1

The result of simulation of the SEIR model for the parameter values is shown in Figure 1.

6000

5000 [\ —!
4000 |\
3000

2000

Number of Individuals (N)

1000 [/

Time(Days)

Figure 1 Simulation of the SEIR model for § = 0.25,¢ = 0.15,y = 0.1, = 0.001.

Figure 1 depicts the combination of graphs from the four classes: S, E, |, and R. These figures will
be used as the foundation for comparing and observing changes in parameter values, $, € and y. Figure
1 depicts the graph of all four classes of SEIR model with initial parameters of § = 0.25,¢ = 0.15,y =
0.1,and u = 0.001.
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4.2. Changes in

In this section, the value of rate of contact, 8 is changed to observe the spread of tuberculosis in a
population. The rate of contact, § varies from 0.25 to 0.5 and then 0.75. The remaining parameters are
the same where y = 0.001,¢ = 0.15andy = 0.1.

Figure 2 - Figure 5 display the curves for each compartment separately in each figure. The following
results are analysed by comparing the curves to the base model. As shown in the generated figures,
the changes of the value B does not change the direction and shape compared to the original graph
where f = 0.25. However, there is a very slight to none difference in the generated zoomed in graph
of each susceptible, exposed, infected and recovered graphs. This shows that the rate of contact, 8
does not play a significant role in the compartmental tuberculosis model.

Number of Susceptible Individuals (N)

Time(Days)

Figure 2 Variation in the number of Susceptible populations, (S) for different g values.

6000

Number of Exposed Individuals (N)

Time(Days)

Figure 3 Variation in the number of Exposed populations, (E) for different g values.

182

——
| —



Muhamad Aidid Danial, Ang Tau Keong & Fuaada Mohd Siam (2022) Proc. Sci. Math. 10: 176 -
187

Number of Exposed Individuals (N)

Time(Days)

Figure 4 Variation in the number of Infected populations, (1) for different g values.

Number of Recovered Individuals (N)

Time(Days)

Figure 5 Variation in the number of Recovered populations, (R) for different g values.

In Figure 2, the curve with the highest § value which is § = 0.75 flattens faster compared to the
curve with § = 0.50 and 8 = 0.25 respectively. This means that the higher the rate of contact, g, the
faster it took to flatten the susceptible population curve.

In Figure 3, the E curve for § = 0.75 reach the highest peak compared to the § = 0.50 and 8 =
0.25 respectively. However, the highest g value curve of the exposed individuals curve flattens earlier
compared to the lower B. This means that the higher the rate of contact of effective contacts with other
susceptible individuals, g, the higher the number of exposed individuals. Besides that,it is also means
that the higher the rate of contact of effective contacts with other susceptible individuals, the faster the
the exposed population curve to flatten.

In Figure 4, the infected population curve for § = 0.75 which is the highest g value reach the highest
peak compared to the § = 0.50 and 8 = 0.25 respectively. After reaching the peak , every exposed
population curves with different values of g began to dive in, eventually reaching the same population
as the curve with the initial value of § = 0.25. This conclude that the higher the rate of contact of
effective contacts with other susceptible individuals, the higher the number of infected individuals.

Based on Figure 5, every recovered population curves grew steadily until the 50th day. The highest
rate of contact, § = 0.75 produce the the highest number of recovered individuals compared to the
curves with B = 0.5 and B = 0.25 respectively. This means that the higher the rate of contact of
effective contacts with other susceptible individuals, the higher the number of recovered individuals in
the population.

4.3. Changes in ¢
The rate at which exposed individuals become infected, ¢ varied with different ¢ values: 0.15, 0.3 and

0.45. The remaining values of the parameters are the same as the basis simulation: © = 0.001,8 =
0.25 and y = 0.1. Figure 6 — Figure 9 represent the population curve for each compartment.
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Number of Susceptible Individuals (N)

0

Time(Days)

Figure 6 Variation in the number of Susceptible populations, (S) for different ¢ values.

1500 \ N
\ \

0 10 20 30 40 50
Time(Days)

Figure 7 Variation in the number of Exposed populations, (E) for different ¢ values.

4000

3000 |

2000 f / A \\\\\

Number of Infected Individuals (N)
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1000 \\ \

0
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Figure 8 Variation in the number of Infected populations, (l) for different ¢ values.
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@
3
3
3

4000

3000

2000 17/
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1000

0
0 10 20 30 40 50

Time(Days)

Figure 9 Variation in the number of Recovered populations, (R) for different ¢ values.

Figure 6 displays the susceptible population curves for various ¢ values. As can be seen, the
susceptible population curve with the highest € value, ¢ = 0.45 flattens quicker compared to the lower
¢ values. This means that the higher the rate at which the exposed individuals become infective, the
quicker it take to flatten the number of susceptible population curve.

Figure 7 illustrates the exposed population curves for various ¢ values. Based on the population
curves, every ¢ reached the peak at almost 6000 individuals. After that, the curves decline rapidly at
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between day 0 and day 10. As can be seen, the value of ¢ = 0.15 decline slower as compared to ¢ =
0.3and ¢ = 0.45. This conclude that the lower the rate at which the exposed individuals become
infective, the lesser the exposed individuals per unit time.

Based on Figure 8, every infected population curves, I, showed significant variations as the rate at
which the exposed individuals become infected. When the value of parameter ¢ = 0.45, the infected
population curve grew rapidly until it hits the peak of over 2500 individuals infected. After that, the curve
begin to dive in, eventually reaching the same infected population curve with ¢ = 0.15 and ¢ = 0.3.
Increasing rate at which the exposed individuals become infective, ¢ would result in higher infected
individuals per unit time.

Based on Figure 9, every recovered population curves, R, showed significant variations as the rate
at which the infected individuals become infected was increasing steadily until it reach the limit of almost
6000 individuals. The higher the rate at which the exposed individuals become infective the higher the
peak of the recovered population curve. e = 0.45 reached the highest peak at almost 6000 individuals.
Once the curves reached the highest peak, the curve begins to decline slightly with time.

4.4. Changes iny
The rate at which the infected individuals recover, y varied with different y values: 0.1,0.2 and 0.4.

The remaining values of the parameters are the same as the basis simulation: ¢ = 0.001,8 = 0.25
and ¢ = 0.15. Figure 10 - Figure 13 represent the population curve for each compartment.

Number of Susceptible Individuals (N)
/

0
Time(Days)

Figure 10 Variation in the number of Susceptible populations, (S) for different y values.

Number of Exposed Individuals (N)
\

Time(Days)

Figure 11 Variation in the number of Exposed populations, (E) for different y values
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Figure 12 Variation in the number of Infected populations, (1) for different y values.
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Figure 13 Variation in the number of Recovered populations, (R) for different y values.

Figure 10 illustrates the susceptible population curves for various y values. The susceptible
population curve with y = 0.40 which is the highest took a longer time to flatten the curve compared to
the y = 0.2 and y = 0.1 respectively. This means that, the higher the value of y of the susceptible
population curve, the higher the time it took to flatten the curve. This means that the higher the rate at
which the infected individuals recover, the longer it took for the number of susceptible population curve
to flatten.

Figure 11 illustrates the exposed population curves for various y values. As can be seen, the highest
value of y which is y = 0.4 reach the highest peak of the exposed population curve compared to the
y = 0.2 and y = 0.1 respectively. All the curves later continue to decline over time until zero exposed
individuals. The curve with the highest y value also took a longer time to flatten compared to the lower
value of y. This means that the higher the rate at which the infected individuals recover, y, the higher
the number of exposed individuals and the longer it took to flatten the exposed population curve.

Based on Figure 12, every infected population curve, I, showed significant variations as the rate at
which the infected individuals recover was increasing and decreasing between day 0 and day 10. The
number of infected individuals with the smallest value of y reach the highest peak at almost 3000
individuals compared to the infected population curves with the values of y = 0.2 and y = 0.4. This
conclude that the smaller the rate at which the infected individuals recover, the higher the number of
infected individuals in the population curve. In addition, the higher the rate at which the exposed
individuals become infected, ¢, the faster it took to flatten the infected population curve.

Based on Figure 13, every recovered population curve, R, showed significant variations as the rate
at which the infected individuals recover was increasing steadily until it reaches the limit of more than
5000 individuals. The recorded population at y = 0.4 which is the highest y reached the highest peak
at almost 6000 individuals. The higher the rate at which the infected individuals recover, the higher the
peak of the recovered population curve. Once the curves reached the highest peak, the curve begins
to decline slightly with time.

Conclusion

The SEIR compartmental model is used to explore the transmission of pandemic tuberculosis. The
SEIR model is a development of the commonly used SIR model in infectious disease research. A few
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assumptions were made to make the model more feasible for real-world applications. The equilibrium
points of the ODEs system were calculated using the SEIR model.

In this SEIR model, the influence of modifying the parameter values is observed and analysed. To
simulate graphs with a few alternative values for each of the parameters, ODE45 MATLAB software
was used. According to the simulation results, one parameter to be consider in preventing tuberculosis
transmission is the infection rate. By teaching people about the spread of infection, the rate of infection
can be reduced. Apart from that, the rate of recuperation should be boosted. Wearing a face mask,
avoiding crowded areas, and practising social distancing and avoiding intimate contact with infected
people are all recommended to increase the recovery rates.

Based on the study findings, the SEIR model can be used as a reference model for tuberculosis
spread. The model analysis provides an overview of local stability in the spread of tuberculosis. The
findings can be used to guide early tuberculosis pandemic prevention efforts.
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