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Abstract

The Laplacian spectrum of a graph is a set of multiplicities of eigenvalues of the graph’s Laplacian matrix.
The Laplacian matrix of a graph depends on the adjacency matrix and the diagonal matrix of vertex
degrees for the graph. In this paper, the main objective is to compute the Laplacian spectrum of the
composite order Cayley graph of the dihedral group of order eight. A Cayley graph is a structure
comprised of vertices and edges that characterizes the group's presentation and is determined by a
certain set of generators in which two vertices are connected by an edge under particular circumstances.
In order to compute the Laplacian spectrum of the composite order Cayley graph of the dihedral group
of order eight, the structures of the graphs are first examined by constructing the graphs. Then, based
on the adjacency of the vertices in graph, the adjacency matrix, diagonal matrix of vertex degrees and
Laplacian matrix are determined. With the aid of Maple software, the characteristic polynomial and the
eigenvalues of the Laplacian matrix are calculated. As a result, the Laplacian spectrum of the composite
order Cayley graph of dihedral group of order eight is determined.
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1. Introduction

Graphs are made up of a collection of dots called vertices and lines connecting those dots called
edges. When two vertices are connected by an edge, it can be said that they are adjacent. A vertex or
node is an intersection point of a graph. An edge is a connection between two nodes. A link represents
the movement of vertices. The graph is called undirected graph if the edges connect two vertices
symmetrically and a directed graph if the edges in the graph are pointing in only one direction. The edges
are typically drawn as arrows indicating the direction.

Let I' be a graph that consists a set of edges E(I') = {e,, e,,...,e,} and a set of vertices, V(I') =
{v1,v2,...,v,}. Then the adjacency matrix of the graph I', A(I") = [a;;] is the m X m matrix where for a
directed graph, if there is an edge exists between v; to v;, then the value of a;; = 1, otherwise the value
is 0. Besides, for an undirected graph, if there is an edge that exists between v; to v;, then the value of
a;; = 1 and a; = 1, otherwise the value is 0 [1]. Let D(I") be the diagonal matrix of vertex degree which
is the number of graph edges which touch the graph’s vertex.

The Laplacian matrix of I', L(I') is defined by L(I") = D(I") — A(I"), where A(I") is the adjacency
matrix and D(I") is the diagonal matrix of vertex degrees for the graph I' [2]. Roots of the characteristic
equation of the Laplacian matrix are called the Laplacian eigenvalues or sometimes just eigenvalues of
I'. The Laplacian spectrum, L — Spec(I') is the set of eigenvalues with multiplicities [3].

Group is a system that consists of a set of elements and a binary operation that can be applied
to two elements of the set, which together satisfy the properties such as closure, associativity, identity
and inverse property [4].
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A dihedral group of order 2n denoted by D,,, is represented by the following group presentation, with e
denoting the identity element:
D,, =< a,b|a*=b?=e,bab "t =a! > forn > 3.

In addition, a group is a collection of objects that follow a combination rule. Given any two group
elements, the rule produces another group element that is dependent on the two elements chosen. A
graph, which is a collection of points called vertices and lines connecting them, can be used to represent
the information in a group. In the case of a graph encoding a group, the vertices are group elements and
the edges are determined by the combination rule is called as a Cayley graph of the group. A Cayley
graph is denoted by Cay(G,S), where G is a finite group and S is a non-empty subset of G. It can be
concluded that Cayley graph is dependent on a specific set of generators of the group [5].

Meanwhile, a composite order Cayley graph is a graph that contain a set of vertices of the
elements of G and two distinct vertices x and y are connected by an edge whenever xy~! € S, that is
x = sy for some s € §, where s is the element of G with composite order. A composite order Cayley
graph is denoted as Cay.(G,S). In 2019, Tolue introduced a new graph which was composite order
Cayley graph [6]. Pahil Muhidin [7] has constructed the composite order Cayley graphs of quaternion
groups of order 2™ where n > 3. Extending the idea in [6], in this paper, the composite order Cayley
graphs are reconstructed for the dihedral groups of order eight.

2. Literature Review

2.1 Basic Concepts Related to the Dihedral Group
In order to reconstruct the composite order Cayley graph of the dihedral groups, some basic concepts
that are related to the dihedral groups are presented in this section.

Definition 2.1 [8] Group

Let G be a set together with a binary operation which is denoted as “ « ” that combines any two elements
a and b to form an element denoted as a e« b. The following group axioms which known as three
requirements are satisfied:

1) Associativity : (aeb)ec=ae(bec)foralla,bandc€G.

2) Identity element : There exists an element e such that for every a,eea = aandaee=a € G

3) Inverse element : There exists an element b € G suchthata € G,aeb=eandbea=e € G,
where e is the identity element. The element b is unique for each a where it is
called the inverse of a and is commonly denoted as a™*.

Definition 2.2 [9] Dihedral Group
For any n > 3, the dihedral group D,,, of order 2n is defined by
D,, =< a,b|la*=b?>=¢e,bab ' =a7! >,

2.2  Graph Related to Groups
A graph is a collection of vertices or nodes and edges, where an edge can be drawn between two vertices
to show that these vertices are somehow related to each other. A graph is defined as follows:

Definition 2.3 [10] Graph
Agraph I = (V,E) is a structure consisting of a set of objects called vertices VV and a set of objects called
edges E. A function f assigns to each edge a subset {v,, v,}, where v, and v, are vertices, shown as
follows:

I'=(V,E,f) or ' =(V,E).

Definition 2.4 [11] Graph of Group

A graph of a group G, I, is an object made up of a collection of two vertices V and two edges E, that is
labelled as I;; = (V, E) according to geometric group theory. The elements of G are the vertices of I;; and
the elements of E; are connecting the two components of V(G).
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In 1878, Cayley graphs has been introduced by Cayley to describe the idea of abstract groups
[12]. The Cayley graph of a group is defined as follows:

Definition 2.5[13] Cayley Graph of a Group

Let G be a group and S is a subset of G\{e}. A Cayley graph of G relative to S is a graph such that the
vertex of the graph is the elements of G and a vertex x is connected by a directed edge from x to y
whenever y = xs, for some s € S. It is denoted by, Cay(G, S).

A Cayley graph is a connected graph if S is a generating set of G, particularly every element in G
can be written as a product of elements of § [13]. In 2002, Alspach deals with the numeration of various
families of Cayley graphs and digraphs [14]. In 2015, the prime order Cayley graph has been introduced
and discussed by the Tolue in [15].

Four years later, Tolue extended the research in [6] by introducing the composite order Cayley
graph. The only difference of this graph is that the elements of the subset S is of composite order, which
is the complement of the primes. The definition of the composite order Cayley graph is given as follows:

Definition 2.6 [6] Composite Order Cayley Graph
Let G be a group and S be a set of composite order elements of G. A composite order Cayley graph is a
graph where the vertex of the graph is the elements of G and for two distinct vertices in G, x and y are
connected by an edge whenever xy~! € S, that is x = sy, for some s € S.. The notation of this graph is
Cay.(G,S).

Finally, in 2019, Shojaee, Tolue and Erfanian [16] explored some approaches on prime order and
composite order Cayley graphs. At that time, they computed the topological indices of prime order and
composite order Cayley graphs of elementary abelian p-group of prime power order.

2.3 The Laplacian Spectrum of Graph

Babai [17] was the first mathematician who considered the spectrum of Cayley graphs by determining
the eigenvalues of Cayley graphs. In the past decades, more consideration has been given to the
Laplacian spectrum, since it has been applied to several fields, such as randomized algorithms,
combinatorial optimization problems and machine learning [18].

There are few researchers have extensively studied the Laplacian spectral radius of graphs and
obtained various bounds for it with respect to varying graph parameters and whenever possible, the
corresponding extremal graphs have been characterized [19].

In order to compute the Laplacian spectrum of a graph, it is necessary to obtain the Laplacian
matrix of the graph first. The terms adjacency matrix, degree of vertex, diagonal matrix of vertex degrees
and Laplacian matrix are defined as follows:

Definition 2.7 [20] Adjacency Matrix
The adjacency matrix of a graph I, which is indicated by A(I"), is defined as in the following:

A([’) ={ xij = 1, if v ~ 'Uj

where v; ~ v; denotes that the vertex v; is adjacent to vertex v;.

xj =0, if otherwise

Definition 2.8 [21] Degree of Vertex
The degree of a graph’s vertex, deg(v) is the number of graph edges which touch v.

Definition 2.9 [22] Diagonal Matrix of Vertex Degrees
The diagonal matrix of vertex degrees,D(I"), is

_(d@, if i=j
b(r) = { 0, otherwise
where d(i) is the degree of vertex i.

Definition 2.10 [23] Laplacian Matrix

The Laplacian matrix of a graph I' is L(I") = D(I') — A(I"), where A(I') is the adjacency matrix and
D(I') is the diagonal matrix of vertex degrees for the graph I'.

118

—
| —



Nurul Ain Ruzlan, Hazzirah lzzati Mat Hassim (2023) Proc. Sci. Math. 17: 116-122

Definition 2.11 [20] The Characteristic Polynomial of a Matrix
Let A be an n x n matrix. The characteristic polynomial of A4 is the function f (1) given by f(1) = det(Al —
4)

Definition 2.12 [23] Laplacian Spectrum
Laplacian spectrum of a graph I' denoted by L — Spec(I'), is the set {/11"1,/12"2,...,/1,1""}, where
A1, Ay, ..., 4, are the eigenvalues of the Laplacian matrix of I' with multiplicities k4, k,, ..., k,, respectively.

3. Results and discussion

The composite order Cayley graph of the dihedral group of order 2,, has been constructed by Tolue in
[6]. In this paper, the composite order Cayley graph of the dihedral group of order eight, Dg is
reconstructed.

3.1 Reconstruction of The Composite Order Cayley Graph of Dihedral Group of Order Eight
The group presentation of Dg as follows:
Dg =< a,b|a*=b*>=e,bab™ ' =a ! >.
Hence, the elements of Dg are:
Dg = {e,a,a? a3 b,ab,a’b,a’b}.

The order of each element of Dg is calculated to determine which element has composite order. The
order of the eight elements in Dg is shown as follows,
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Then, by the definition of composite order Cayley graph given in Definition 2.6, the set of vertices of
Cay.(Dg, S;) is:
V(Cay,(Dg,S1)) = Dg = {e,a,a?, a® b,ab,a’h,a’b}.

The subset of Dg with the elements of composite order is S; = {a, a®}. Let x,y € Dg. Vertex x is connected
to vertex y, denoted as x~y if xy~! € S which implies that exists s € S such that xy~! = Sor x = sy.
Therefore, the set of edges of Cay,.(Dg, S;) is given as follows:

E(Cay.(Dg,$1)) = {{e,a’},{e,a}, {a e}, {a,a?}, {a? a},{a? a®}, {a® a®},{a% e},
{b,a3b}, {b, ab}, {ab, b}, {ab, a’b}, {ab, ab}, {a?b, a*b}, {a®b, a?b}, {a®h, b}}.

3.2 The Laplacian Matrix of the Composite Order Cayley Graph of the Dihedral Group of Order

Eight

Based on Definition 2.10, the Laplacian matrix of Cay.(Dg, S;) , L(Cay.(Dg, S;)) is given by
L(Cay:(Dg, S1)) = D(Cay.(Ds,S1)) — A(Cay:(Dg, $1)).

Thus, firstly, the adjacency matrix of Cay.(Dg,S;), is determined based on the set of edges of
Cay,.(Dg, S;) and the structure of the graph. Based on Definition 2.7, the entry for the adjacency matrix,
a;; = 1if the pair of elements are connected by an edge and a;; = 0 if the elements are not connected by
an edge where i denoted as rows and j denoted as columns.
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Therefore, the adjacency matrix of Cay,(Dg, S;) is

e a a* a® b ab a’b a®b

ro 1. 0 1 0 O 0 07 e
1 0 1 0 O 0 0 o0 a
o 1 0 1 O 0 0 O a?
1 0 1 0 O 0 0 O a?
0O 0 0 0 1 0 1 0| ab
0 0 0 0 O 1 0 1| a®b

Lo 0 0 0 1 0 1 o @

In addition, the diagonal matrix of vertex degrees of Cay,(Dg, S;) is determined as follows:

d@, ifi=j
D(Cay.(Dg, $1)) = { é ) ot}{erwi{?e

where d(i) is the degree of vertex i.

Based on the composite order Cayley graph of Dg, Cay.(Dg, S;), the degree of all vertices is 2
since there are two edges connected to each vertex. Therefore, the diagonal matrix of vertex of
Cay,(Dg, S;) is

e a a* a b ab a*b a®b

r2 0 0 0 0 0 o0 0 e
0 2 o o0 o0 0 o0 o a
0 0 2 0 0 0 0 0 a?
0 0 0 2 0 0 0 0 a?
0 0 0 0 0 2 0 0 ab
0 0 0 0 0 0 2 0| a*

Lo 0 0 0o o0 o o 2/ a

Based on Definition 2.10, the Laplacian matrix of composite order Cayley graph of Dg is given by
L(Cay.(Dg,S,)) = D(Cay.(Dg,S1)) — A(Cay.(Dg, S1)).

Therefore, the Laplacian matrix of Cay.(Dg, S;) is

2 0 0 000 0O0 (01010000
02000000 (10100000
00200000 01010000
00020000 (10100000

L{Caye(De:50) =15 0 0 0 2 0 0 0o/ Jo 0 0 0 0 1 0 1
00000200 l0o0o0010T10
00000020/ 0ooo0o0o0101
0o 0000002 loooo1o010
2 -1 0 -1 0 0 0 0
1 2 -1 0 0 0 0 0
0 -1 2 -1 0 0 0 0
-1 0 =1 2 0 0 0 0
"o o o o 2 -1 0 -1
0O 0 0 0 -1 2 -1 0
0o 0 0 0 0 -1 2 -1
0 0 0 0 -1 0 -1 2
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3.3 The Laplacian Spectrum of Cay.(Dg, S1)
In order to compute the Laplacian spectrum of Cay.(Dg, S;), the eigenvalue of Laplacian matrix is
determined that assists by Maple software. Hence, the characteristic polynomial of L(Cay,(Dg, S;)) is
f) =28 — 1617 + 1041° — 3521° + 6561* — 64043 + 25642

Thus, the eigenvalues are 1 =0 with multiplicity 2, 1 =4 with multiplicity 2 and A = 2 with
multiplicity 4 as well. Based on Definition 2.12, L — Spec(I') = {1,*1,1,"2, ..., ,*", the Laplacian spectrum
of Cay.(Dg, Sy is {0,0,2,2,2,2,4,4} = {0?,2%,4%}.

Therefore, the Laplacian spectrum Cay,(Dg, S;) is determined to be the set of the eigenvalues of
0 and 4 with multiplicities two and the eigenvalues of 2 with multiplicities of four.

Conclusion

sixteen are reconstructed based on the groups’ presentation and the definition of the composite order
Cayley graph. From the graph, the adjacency matrix, diagonal matrix of vertex degrees and Laplacian
matrix is determined. Then, the Laplacian spectrum of the composite order of the dihedral group of order
eight is computed. It can be observed that every vertex in the graph has degree two.

Furthermore, the Laplacian spectrum of the composite order of the dihedral group of order eight
is determined to be the set of the eigenvalues of 0 and 4 with multiplicities two and the eigenvalues of 2
with multiplicities of four.
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