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Abstract

Groundwater extraction is frequently used in a water resource management. This paper offers an analytical
model of solute transport to examine the possibility of groundwater contamination by pollution sources
close to the pumping well. Advection Dispersion Equation was used to generate the analytical solution,
which was then solved using Green's Function. These methods were used in an aquifer that the river
partially drained, and they were sufficiently universal to be used in both confined and unconfined aquifers.
At first, it is believed that the aquifer is uncontaminated. MATLAB software was used to plot the analytical
solution that was obtained using Green's Function. The model quantifies the transport of solutes in the
aquifer and predicts their fate and concentration distribution under varying abstraction scenarios. It
considers different parameters such as pumping rates, abstraction well locations, pumping time, and
aquifer thickness to explore their effects on pollutant concentration. The results from MATLAB are
presented graphically and thoroughly examined. According to the findings, the contamination around the
well increased with increasing values for these parameters. If the maximum allowable concentration of a
particular pollutant in raw water is known, the model can be used to determine the best pumping rate and
well site for that contaminant.

Keywords: Analytical solutions; Solute transport; Groundwater; Pumping well; Green’s function;
Contamination

1. Introduction

According to a website from National Geographic, we use a significant amount of groundwater for
domestic, industrial, and agricultural purposes. Aquifers are where the majority of groundwater is found,
including a sizable percentage of our drinking water. Springs, lakes, rivers, streams, and artificial wells are
all ways to release existing groundwater. It is replenished by rainfall, snowfall, or seepage of water from
other sources, such as irrigation and water supply system leaks.

By extracting groundwater, the number of contaminants that migrate away from the well and the size
of the contaminated area is both limited. This becomes crucial when contaminants cross boundaries or
enter drinking water aquifers, rivers, lakes, streams, or seas. According to an online website from QED
Environmental Systems, groundwater extraction is carried out by pumping water from the well to remove
water and any dissolved or floating impurities from inside the well. Because the rate of river water seepage
is relatively slow and the aquifer contains biological processes, the water extracted from the well exhibits
superior quality compared to the river water (Mustafa et al., 2021).

Numerous researchers prefer the use of analytical solute transport models because they can offer a
deeper understanding of contaminant transport mechanisms and better forecasts of solute plume
migration (Mustafa et al., 2021). The Green's Function, an analytical method widely utilized by numerous
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researchers, is commonly employed to address solute transport models. Secomb (2015) employed the
Green's Function methodology to model the movement of reactive solutes within microvascular networks
and the adjacent tissues, taking into account both convective and diffusive mechanisms. In this
methodology, the solute concentration distribution within the tissue is expressed as a composite of spatial
fields created by varying distributions of distinct sources and sinks over time. Furthermore, in a parallel
fracture-matrix system, Chen and Zhan (2018) employed a novel approach based on Green's function to
address the problem of two-dimensional solute transport.

2. Mathematical Formulation

The developed model simulates the movement of pollutants in the direction of a pumping well from a river
(Fig. 4.1). Two main assumptions were made in the model: (1) The flow is assumed to be uniform in the
x-direction, with specified hydraulic head values at the left and right domain boundaries, and (2) no specific
flow boundary circumstances are assigned to the boundaries in the northern and southern domains. In a
previous study conducted by Libera et al. in 2017, it was assumed that the pumping rate of the well, Q(?)
remains unchanged, and the aquifer exhibits homogeneity, isotropy, and has a finite depth of d.
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Figure 1 Schematic depiction of the pumping well from the river

To develop a two-dimensional analytical solution for contaminant transport in groundwater system, the
two-dimensional ADE for contaminant transport in uniform flow is formulated as below:

RIC_ o, o e (1)
ot xgxz T vayr T Cxgx TV

By moving the right-hand side (RHS) of the Equation 4.1 to the left-hand side (LHS) will provide the
following equation:

2 2
R3— D55 =Dy 5+ U So+VRC =0 (2)
where
C(x,y,t) :concentrations of contaminant, (M/L?)
: components of longitudinal and transverse dispersion coefficient along the x-axis, (L?/T)
) : components of longitudinal and transverse dispersion coefficient along the y-axis, (L?/T)
: seepage velocity, (L/T)
: decay constant, (1/T)
: linear retardation factor
U, + dispersion coefficient along x-axis
U, + dispersion coefficient along y-axis
a : longitudinal and transverse dispersivity along the x-axis, (L)
a; : longitudinal and transverse dispersivity along the y-axis, (L)
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when £ = vR is substituted, then we will have:

ac 92C DaZc+Uac+ oo (3)
at Drgez xgx TPC=

given that g is the degradation rate of the contaminants (1/T).

To illustrate the extent of pollutant penetration within the aquifer and the reduction in concentration
due to bacterial activity, the functions C;,(x,y,t)and C,4(x,y,t) were utilized. Using a balanced
equation, we get:

Cin - Cads = Cw (4)

If C,,(t) = 0 is equal to zero, the water extracted from the pumping well can be directly used as public
drinking water without any additional treatment. Otherwise, if C,,(t) = 0 is not zero, which is usually the
case, further treatment is required before the water can be distributed. The extent of filtration and the
amount of pollutants in the pumped water determine the specific treatment processes needed at this
stage. Hence equation 3 can be modified as shown below:

RaC DaZC DaZC+U6C+ C=-C,(t)o 1) )
at DD tlegy BC =—C,()6(x —x0)6(y — ¥o)

Along with the initial and boundary conditions listed below:

Clx,y,t) =0 x—>oo,—c0o<y<ooandt=0 (6)
Clx,y,t) =0 y—->too,—c0o<x<ooandt=0 (7)
Clx,y,t) =Syf(t,y) x=0—-M<y<Mandt=0 (8)
C(x,y,00=0 0<x<oo,—co<y<ooandt=0 (9)
where
é : dimensionless Dirac delta function
M : length of the river that is under the effect of pumping well
So(M/L3.T)) : initial mass of contaminants dissolved in one unit volume of water within one unit of time
ft,y) : a function of t and y which means that the river is not a uniform source of contaminant

An assumption is made that adsorption with a proportional isotherm will lower the amount of the
pollutants transported from the river. As a result, C,,(t) from Equation 4 is computed using the formula
below:

- a 1
G = srem crom (10)
given that

q: stream depletion flow rate (L3 /T) that represented the overall flow out of the incompressible
streambed

: proportion of infiltrated river water in the pumping well

Q|2
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By applying the modifications listed below:

)

Ut
X=X R

C(x,y,t) = c(x,y,t) exp (%) ;
C,=S5§ d
0 — 0 U_x
_ B st
and C,(t) = Gy (D)exp (5) 8(x = x0)8(y — o)

And the following dimensionless:

tp =
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- = —Cyp(tp) (1)

Cp(xp,¥p,tp) 20 xp > 00,—00 <y, <ocoandt, =0 (12)
Cp(xp,Vp,tp) >0 yp D0, —0<x, <ooandt, =0 (13)
Ut 14
Cp(xXp,Yp,tp) = Sof (tp, yp)xp = — = (14)

N

o,

_MDSYDSMDandtD =0

Cp(xp,¥p,0) =0 0<xp<o0,—0<y,<ocoandt, =0 (15)

In the next subsection, Equations 11 - 15 will be resolved analytically by applying Green's function
method.

3. Mathematical Solution Using Green’s Function
The numbers of the pollutant level at position (x,y, t) within the region bounded by the river and the

pumping well are represented by Green's function in this issue. The following integration can be solved
in order to arrive at the answer of Equation 4.11 assuming that the river is situated at the line:

. t
Cp(X"p,yp,tp) = fOD —Cywp(Tp)8(xp — Lp)S(yp)G(xp, Yp, Tp, Xop» yOD)dTD' (16)
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By deriving the equation below, we can yield G that is referred to as the Green’s Function:

PG 606 _ (17)
a2 Ty, o, (xp = Lp)6(yp)d(tp)

According to Carslaw and Jaeger (1986) and Park and Zhan (2001), the one-dimensional Green's
function is provided as follows:

G(Xp, tp) = 1/(2y/mty ) exp(—Xp*/(41tp)) (18)

The Green's function along the extended y-axis will undergo integration within this interval, as the
pumping well's influence on the river is limited to the interval from -M to M. The resulting expression can
be represented as follows:

Mp

St) = |

—-Mp

60— Gt = |

-Mp

Mp 1/ (Nﬂ exPél(-t_D(YD - (D)2> dq, (4.19)

1
=3 (erfe(vp — Mp)/(2y/tp)) = erfe((p + Mp)/(2\/tp)))

The expression of the two-dimensional Green's function can be obtained by multiplying two one-
dimensional Green's functions:

G(xp,yp,tp) = G(xp — Lp, tp)S(p, tp) (20)
As a result, the following solution can be found:

tp (21)
Cp = f —Cyp(tp)6(xp — LD)(S(YD)G((XD'.YD'TD'xOD':YOD)dTD
0

= —1/(4RVT)a/Q [ 1 Toenp (~(xo — Lo/ (o)) erfc
(Op + M)/ (2T — erfe((vp — Mp)/(2\/T5 1))dp

which becomes:

C(x,y,t) = So/(4RVT)q/Q[d/U exp (—Bt/R) (22)
c1 (R (x-1- %))
J, e “
VR(y — M) VR(y + M)
(erfc (W) - erfc (W) dT

4. Results and discussion

The numerical integration in Equation 22 is solved by using MATLAB. The governing equations were
solved by using Green's function approach, and MATLAB software was used to calculate the numerical
integration in the analytical solution and obtain the final solutions of. In the MATLAB software, various
parameters is defined such as aquifer thickness, degradation factor, and dispersion coefficients along
with its value. Table 1 below shows the summarization of all other input parameters used in the MATLAB.
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Table 1: Input parameters used in the MATLAB software.

Parameter Value
Leakance coefficient (1) 0.1
Porosity (¢) 0.3
Longitude Dispersivity (a;) 10m
Transverse Dispersivity (a;) 0.1q,
Vertical Dispersivity (a,) 0.01q,
Initial concentration of contaminants (C,) 16 mg/l
Aquifer thickness (d) 20m
Storage coefficient (S,) 0.7
Transmissivity (T) 2800 m?/d
Degradation factor (8) 0.04 1/d
Pumping time (¢,) 200d
Pumping rate (Q) 3075 m®/d
Distance between the pumping well and river (L) 40 m

a) Examine The Influence of Pumping Time

Figure 2 illustrates the presence of pollutants within the defined region at various pumping time intervals.
Different durations of pumping, namely 7, 14, 21, and 30 days, were tested. The contour plot was
generated by applying all the parameter values in Table 1. The contour plot reveals that as the pumping
time increases, the concentration of contaminants also increases. This can be attributed to the broader
spread of contamination throughout the area. The observed increase in contaminant concentration can
be attributed to the continuous flow of contaminants from the river. These contaminants are carried by
the groundwater and transported toward the pumping well. As the pumping continues, more
contaminated groundwater is drawn towards the well, resulting in a higher concentration of contaminants
in the extracted water. This continuous flow of contaminants from the river introduces a constant source
of pollutants, leading to the gradual accumulation and dispersion of contaminants in the aquifer.
Therefore, the prolonged pumping duration allows for a more significant influx of contaminants into the
aquifer, contributing to the higher concentration observed at the monitoring point.
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Figure 2 The impact of pumping time on the concentration through contour plots. (a) t, = 7 days (b)
t, = 14 days (c) t, = 21 days (d) t, = 30 days Schematic depiction of the pumping well
from the river

b) Examine The Influence of Location of the Pumping Well
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Figure 3 Plotting of contamination at different locations of pumping well

Figure 3 shows the concentration of a contaminant at different L values which are 10, 20, 40, and
50 m from the river edge using a pumping rate of 3075 m3/d. We consider all the parameter values in
Table 1. Different value of L was chosen to investigate its influence on the contaminant transport process.
The choice of different L values allowed for an exploration of how the concentration profiles change over
time at various distances from the pumping well. The concentration profiles in Figure 4.3 illustrate how
the contaminant concentration changes over time at different distances from the pumping well. As the
location of the pumping well (L) parameter increases, the concentration of contaminants exhibits a more
rapid and significant decrease over time. Higher length values result in lower concentrations at the same
time intervals. When the location of the pumping well is farther away from the river, the contaminant
concentration tends to decrease due to several factors. Firstly, as the distance increases, the
groundwater has more time and space to attenuate and naturally dilute the aquifer contaminants. This
natural attenuation occurs through dispersion, diffusion, sorption, and microbial degradation.

c) Examine The Influence of Pumping Rates
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10 Concentration vs Time for different Q
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Figure 4 Plotting of contamination at different pumping rates

Figure 4 presents the level of a contaminant at five distinct values of the Q. We consider all the
parameter values in Table 1 but with different value of L and Q where L =20 m and t, = 60 days.
Different value of Q was chosen to investigate its influence on the contaminant transport process. The
choice of different Q values allowed for an exploration of how the concentration profiles change over time
at various pumping rates. Assuming a pumping well located 20 meters from the river, Figure 4 depicts
the evaluation of pumping rates after 60 days. Based on the graph, the concentration of contamination
varies with time for each pumping rate. The trend of the graph shows that as the pumping rate increases,
the concentration of contamination increases. When the pumping rate increases, it suggests that more
contaminant is being introduced into the system over time.

As a result, the concentration of the contaminant in the system increases because more of it is being
transported. The higher pumping rate can also lead to faster flow velocities within the system. This
increased velocity enhances the dispersion and mixing of the contaminant, causing it to spread out more
evenly throughout the system. The bacteria present in the aquifer do not have sufficient time to mitigate
and attenuate the rapid spread of pollution caused by high pumping rates, resulting in the swift
manifestation of its impacts. Consequently, the concentration becomes more pronounced and
measurable at different locations. In summary, the increased pumping rate results in a higher
concentration of the substance due to the more significant amount being introduced and the improved
dispersion caused by the higher flow velocities.

d) Examine the influence of Aquifer Thickness
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Figure 5 Plotting of contamination at different aquifer thickness
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Figure 4.5 shows the concentration of contamination plotted over time at different aquifer
thicknesses, d. Five different values of aquifer thickness were considered as shown in Figure 4.5. We
consider all the parameter values in Table 1 but with different value of L where L=20 m. Different value
of d was chosen to investigate its influence on the contaminant transport process. The choice of different
d values allowed for an exploration of how the concentration profiles change over time at various aquifer
thickness. As observed from the graph, the concentration of contamination varies with time for each
aquifer thickness. Overall, the plots demonstrate that as the aquifer thickness increases, the rate of
concentration increase over time becomes slower. This suggests that a thicker aquifer provides more
space for the contaminant to disperse and dilute, resulting in a reduced impact and slower contamination
rate.

Conclusion

The collected findings verified the model's usefulness for predicting the spread of contamination in a two-
dimensional space. A contour map was used to visualize the outcomes for various pumping times.
According to the results of contour plots for different pumping times, pollution concentration is
proportionally correlated with pumping time. In other words, the contamination will keep spreading over
a larger region in the direction of the well as the pumping time lengthens. Additionally, it is found that
increasing the pumping rates can cause a considerable increase in contamination around the well. The
system may experience faster flow velocities because of the higher pumping rate. The pollutant disperses
and mixes more effectively due to the higher velocity, which leads to more even distribution throughout
the system. The aquifer's resident bacteria need more time to slow down or stop the rapid development
of contamination brought on by high pumping rates. Therefore, because more pollution is introduced at
a time and is dispersed more effectively due to increased flow rates, the concentration of the
contamination rises as the pumping rate increases.

Moreover, by increasing the location of the pumping well, the contaminant concentration will
decrease. Because of a few circumstances, the concentration of contaminants tends to be lower when
the pumping well is located farther from the river. First, as the distance grows, the groundwater has more
space and time to attenuate and naturally dilute the aquifer contaminant. Dispersion, diffusion, sorption,
and microbial degradation are some of the mechanisms that cause this natural attenuation. The last
parameter that has been investigated is the aquifer thickness. As aquifer thickness increases, the growth
rate in contaminant concentration becomes slower. This suggests that as aquifer thickness increases,
the contaminant concentration will decrease. A thicker aquifer provides more space for the contaminant
to disperse and dilute, resulting in a reduced impact and slower contamination rate.
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