
 
Vol. 16, 2023, page 67 – 75 

 
Modeling The Characteristics of Air Pollution Index Using Copula Approach 

  
Chin Hui Shan, Shariffah Suhaila Syed Jamaludin*  

Department of Mathematical Sciences, Faculty of Science, Universiti Teknologi Malaysia 
                    *Corresponding author: suhailasj @utm.my  
 
 

Abstract  
The duration of air pollution and its severity are two main characteristics that used to describe the 
characteristics of unhealthy air pollution. Both are measured based on concentration of 𝑃𝑀!.#. Since 
these two variables are intercorrelated and have different marginal distributions, thus a copula approach 
can provide a good statistical tool to deal with these issues and obtained important information from air 
pollution data. Air pollution data for duration are determined from the Air Pollution Index (API) that 
exceed 100 while data for severity derived for the cumulative of the duration of air pollution events. The 
Kendall’s tau correlation are applied to describe the characteristics of unhealthy air pollution. A case 
study is carried out in Klang, Malaysia to investigate the characteristics of unhealthy air pollution. By 
performing Cross-Validation Copula Information Criterion (cvCIC), Clayton copula is the best fitted 
copula to describe the correlation of duration and severity of unhealthy air pollution. 
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1. Introduction  
 
Air pollution is defined as the combination of the air pollutants and form harmful gases that transforms 
around the Earth naturally. According to [1], the pollutants that included in the gases is particulate matter 
(𝑃𝑀!.#	and 𝑃𝑀$% ), carbon monoxide (𝐶𝑂), ozone (𝑂&), sulphur dioxide (𝑆𝑂!) and nitrogen dioxide (𝑁𝑂!). 
The severity of the air pollution is measured and represented by Air Pollution Index (API). Department 
of Environment (DOE) Malaysia had carried out air quality monitory work in 1977 on the five pollutants 
based on research on [2]. From the study of [2], it demonstrated that 𝑃𝑀$% is the main component that 
caused unhealthy air quality. According to [3], particle matter (PM) is the fine components that exist as 
liquid state in the air that are dangerous to human health. The fine particles are the 𝑃𝑀!.# whereas the 
coast particle is the 𝑃𝑀$%. According to [4], long interval exposure to the harmful pollutant will have high 
chance to get health diseases as it will accumulate inside the body. Based on Swiss air quality report 
technology company (IQAir) on 23 November 2022, Malaysia is at the moderate pollutant level 
compared to other countries and the most pollutant area of Malaysia is at Klang, Selangor. 

 
The consequence of the relationship between emission and concentration of air pollutants need 

to be investigated by the government to minimize the pollution level in country. Based on [5], air pollution 
modelling is a tool to provide more deterministic description of air quality problem. In his study, Gaussian 
dispersion model act as indicator to air pollution since it has fastest response time and it can apply to 
only single wind situation by using American Meteorological Society/Environment Protection Agency 
Model (AERMOD). Another method to modelling air pollution is through Lagrangian model based on [6], 
Lagrangian method is used for a short period of simulation by calculating the trajectories of air pollution. 
Other than Lagrangian method, land use regression is also one of the ways. According to [7], by 
monitoring the globally satellite data and used Lasso variable selection, the amount of nitrogen dioxide 
and its residuals can be determined. Hence, the pollution level can be discovered. Since modelling air 
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pollution is a complex case as it had strong dependence structure between variables and different 
marginal distribution exists, therefore copula method serves as a way to resolve it. 

 
Based on research [8], copula had the ability to combine different marginal distributions and form 

multivariate distribution and measure the dependency structure between variables. Based on the 
research done, Pseudo Maximum Likelihood Estimation is used to estimate the parameters for the 
model based on the dataset. Copula is the platform of multivariate distribution that provide flexibility and 
can be used to solve higher dimensional dataset. By solving it, the analytical form of joint probability 
and statistical properties can be obtained. Besides its ability to combine different marginal distribution, 
[9] showed it can provide more function by considering the multivariate models.  

 
Copula widely used in financial markets because it can figure out the non-parametric measure of 

dependence between variables according to [10]. From study of [11], for the prediction of the portfolio 
value at risk, the marginal distribution is modelled and measured dependence between margins using 
copula. In study of [12], by calculating the affected area and plotting the time series, the separation of 
drought will be prominent and obtain the duration and severity, 3D copula is ready to gain the joint 
probability and classes of variables. Copula used in the environmental issue according to the study of 
[13] showed copula applied in the forestry to analyse the tree growth and yield production. According 
to [14], C-vine copula had been used to describe the wind wave environment for sea crossing bridges 
by determine optimal marginal distribution and illustrate multiple correlation of the performance 
degradation in the accelerometer.  

 
From [15], Archimedean copula which is the family of copula plays an important role in 

constructing optimal function type by goodness-of-fit and it consists of only a single parameter. By [16], 
Clayton copula is the branch of the Archimedean copula and it relates to lower tail dependency only 
that focuses on higher correlations. Another Archimedean copula is Gumbel-Hougaard that used to 
model the joint probabilistic characteristics for multivariate hydrological events in designing hydraulic 
and civil infrastructures by [17]. 

  
Kendall’s tau correlation function in figuring out the similarity of the degree between sets of the 

same object from study of [18]. Another study in [19] showed that usage of the Kendall’s tau correlation 
and the coefficient of upper tail can construct the graphical method to describe the data.  

  
The objectives of this study are to model the characteristics of air pollution by measuring the 

pollutants which is particulate matters (𝑃𝑀!.#). The dependency structure between the severity and the 
duration of the air pollution by using Kendall τ correlation and Spearman’s rho correlation are examined. 
One of the objectives is to determine most suitable copula model by using goodness of fit test. The data 
used in this research are Air Pollution Index from 2017 to 2020. The data were obtained from the 
Department of Environment. The method used in this project is the subpart of the copula method which 
is Clayton Copula and Gumbel-Hougaard (GH) Copula. Kendall’s tau correlation was also used in 
testing the dependency of the time taken and the severity of air pollution.  
 
2. Methodology 
 
Determination of the duration and severity of the air pollution 
Concentration of 𝑃𝑀!.# is used to compute the API value by using the following formula: 

API =
(𝐴𝑄𝐼'() − (𝐴𝑄𝐼)*)
(𝐶𝑜𝑛𝑐'() − (𝐶𝑜𝑛𝑐)*)

	× ((𝐶𝑜𝑛𝑐() − (Conc+,)) + (AQI+,) (1) 

The indicator 𝐼((𝐴𝑃𝐼-) is determined as follows: 

𝐼((𝐴𝑃𝐼-) ==
1, 𝑖𝑓	𝐼(B𝐴𝑃𝐼-C > 100
0, 𝑖𝑓	𝐼((𝐴𝑃𝐼-) 	≤ 100 (2) 
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The duration (𝐷() of an air pollution is computed as: 

𝐷( =H𝐼((𝐴𝑃𝐼-)	
.

-/$

 (3) 

The severity (𝑆() of air pollution is determined by: 

𝑆( =	H(𝐴𝑃𝐼-)	
0!

-/$

 (4) 

 
Determination of marginal distribution 
Several statistical models are used to determine the distribution of duration and severity of unhealthy 
air pollution in Klang, Malaysia. The selected distribution is common apply in hydrological analysis and 
it can be useful in modelling distribution of duration and severity of unhealthy air pollution events. 
 
Exponential distribution 
Exponential distribution consisted of only one parameter and widely used in many fields. The maximum 
likelihood estimator is: 

𝜃J = �̅� (5)     

The probability density function (PDF) and cumulative density function (CDF) is as follows: 

𝑓(𝑥) =
1
𝜃 exp(

−𝑥
𝜃 ) 

(6) 

𝐹	(𝑥) = 1 − exp	(
−𝑥
𝜃 ) 

(7) 

where, 𝜃J is the estimate parameter and 𝑥 is the sample data 
 
Gamma distribution  
Gamma distribution used in theoretical and applied research areas. The estimated of maximum 
likelihood estimator are by solving Equation (8) and Equation (9) simultaneously: 

𝛽R = 1̅
3
 (8) 

ln( 𝛼U) 	− 𝜓(𝛼U) = ln 	(	$
4
	∑ 𝑥(4

(5$ ) − $
4
	∑ ln	𝑥(4

(/$ ) (9) 

The probability density function (PDF) and cumulative density function (CDF) is as follows: 

𝑓(𝑥) =
1

𝛤(𝛼)𝛽6 𝑥
65$exp(

−𝑥
𝛽 ) (10) 

𝐹	(𝑥) =
𝛾(𝛼, 𝑥	𝛽)

𝛤(𝛼)  (11) 

where, 𝛼  is the shape parameter, 𝛽  is the scale parameter and 𝛾(. )  is lower incomplete Gamma 
function. 
 
Weibull distribution 
Weibull distribution applied in research area and its maximum likelihood estimator is: 

𝛼U = [[H𝑥(67
4

(/$

ln	𝑥(\[H𝑥(67
4

(/$

\
5$

− 𝑛5$Hln	𝑥(

4

(/$

]5$ (12) 
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𝛽R = [(
1
𝑛	H𝑥(67

4

(/$

]
$
67  (13) 

The probability density function (PDF) and cumulative density function (CDF) is as follow: 

𝑓(𝑥) =
𝛼
𝛽	(

𝑥
𝛽)

65$exp	[−^
𝑥
𝛽_

6
] (14) 

𝐹	(𝑥) = 1 − 𝑒𝑥𝑝(−
𝑥
𝛽)

6 (15) 

3. Copula Models 
 
Clayton copula 
Clayton copula applied to get the positive dependency of bivariate variable in the lower tail with 0 ≤ 𝜃 ≤ 
∞. The joint distribution function (CDF) and probability density function (PDF) are as follows:  

𝐶	(𝑢$, 𝑢!) = 	 (𝑢$53 +	𝑢!53 − 1)	
5$3 (16) 

𝑐	(	𝑢$, 𝑢!) = 	 (𝜃 + 1) (𝑢$53 +	𝑢!53 − 1)	
5("#$%% )(𝑢$𝑢!)	535$ (17) 

The Kendall’s tau correlation specified for Clayton is:  

𝜏 = 	
𝜃

𝜃 + 2 (18) 

Gumbel-Hougaard  
Gumbel-Hougaard is capable to portrait the positive correlation between variables in the upper tail. 
The joint distribution function (CDF) and probability density function (PDF) are as follows:  

𝐶(𝑢$, 𝑢!) = 	 𝑒5[(5;4<")
%=(5;4<$)%]

"
% (19) 

𝑐(𝑢$, 𝑢!) = 	
𝐶(𝑢$, 𝑢!)[(−𝑙𝑛	𝑢$) + (	−𝑙𝑛	𝑢!)]35$[𝜃]

!
35! f[𝜃 − 1][𝜃]

5$
3 + 1g

𝑢$𝑢!
 (20) 

with parameter space 1 ≤ 𝜃 < ∞ and 𝜃 = (−𝑙𝑛	𝑢$)3  + (−𝑙𝑛	𝑢!)3 which is parameter. The Kendall tau 
correlation in Gumbel-Hougaard is as follows:  

𝜏 = 1 −
1
𝜃 (21) 

 
Frank  
Frank copula can used to describe the positive or the negative dependency because it can provide 
versatile dependency structure of the range of dependencies from [-1,1]. The joint distribution function 
(CDF) and probability density function (PDF) is given as: 

 

𝐶	(𝑢$, 𝑢!) = −
1
𝜃 ln	[1 +

B𝑒53<" − 1CB𝑒53<$ − 1C
𝑒53 − 1 	] 

(22) 

𝑐	(	𝑢$, 𝑢!) =
−𝜃𝑒53(<"=<$)	(𝑒53 − 1)

[𝑒53(<"=<$) − 𝑒53<" − 𝑒53<$ + 𝑒53]²
 (23) 

The Kendall’s tau correlation for Frank copula is: 

𝜏 = 1 +	
4[𝐷$(𝜃) − 1]

𝜃  (24) 
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where 𝐷$(𝜃) =
∫ &'

((&*")
@A%

,

3
 is the Debye function. 

        
Pseudo Maximum Likelihood Estimation 
Pseudo Maximum Likelihood Estimation is a method used to find the parameter of the given model. Itl 
estimates a reduced system of likelihood function by replacing the original parameter in the model. 
Pseudo MLE is obtained by maximizing the log-likelihood function and it will give large sample 
properties. Pseudo maximum likelihood estimation is the technique to replace the original with the new 
parameters to fix the copula method. It functions to be marginal distribution for variable by using a 
nonparametric distribution. Thus, the nonparametric distribution is given as follows: 

𝐹J((𝑢) = 	
∑ $(C!-D<)
.
-/"

4=$
   , 𝑖 = 1,2 (25) 

Next, the estimation of copula parameter is by maximizing the pseudo log likelihood function:   

log 𝐿(𝜃) = 	H𝑙𝑛[𝑐(𝐹J$B𝑢$-C, B𝐹J!B𝑢!-C; 𝜃C]	
4

-/$

 (26) 

 
Marginal distribution selection 
Akaike Information Criterion only require a short time compared others test such as multiplier good-of-
fit test. The most suitable model can be determined by choosing the smaller AIC value. Akaike 
Information Criterion is defined as:   

𝐴𝐼𝐶 = −2𝜄(𝜃4) 	+ 2𝑞 (27) 

where, (𝜃4) is the maximized value of log pseudo likelihood function and q is number of free parameters. 
 
Copula model selection 
One of the approaches to choose best fitted copula is Cross-Validation Copula Information Criterion 
(cvCIC). The best fitted model is selected based on the maximum value of it. The fitted copula model is 
measured as follows: 

𝑥𝑣4 =
∑ 𝑙𝑝𝑔[𝑐𝜃4,5( q𝐅4,5((𝐔()t]4
(/$

𝑛  (28) 

where, 𝜃4,5(  is the maximum pseudo-likelihood estimate and F4,5((𝐔() = [F4,$,5((u$), F4,!,5((u!)] 
computed by the following equation: 
 

F4,-,5((𝑢)

⎩
⎨

⎧
∑ 1(𝑈F- ≤ 𝑢)4
F/$

𝑛 , 𝑖𝑓	𝑢 ≥ min
F∈[$,!,…,4][(]

𝑈F-
1
𝑛 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

           
(29) 

4. Results 
 
From Figure 1, it seems that severity and the duration are correlated. By performing the correlation 
analysis, the correlation value for Kendall’s tau is 0.981 with p-Value of 2.2𝑒5$I which is less than 0.05 
which is reject the null hypothesis. This also showed that the relationship between duration and severity 
is significant. Since the variables are significant, hence copula models are used to measure the 
dependency of the variables.  
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Figure 1: Correlation Analysis of Duration and Severity 
 

Table 1: Correlation Analysis of duration and severity 
 

Correlation Test Correlation Value p-Value 

Kendall’s tau test 0.981 2.2𝑒5$I 

 
Table 2 showed the summary statistics for the duration of an unhealthy air pollution that happen 

in Klang, Malaysia. From the Table 2, the measure of the spread can be measured by the range of 
minimum value and maximum value. The larger difference of duration and severity showed that the 
data consist of variation. Other than that, the larger of the standard deviation showed that both of the 
variables are significant. The duration and severity displayed a positive skewed data since the mean is 
larger than the median. Since the skewness and kurtosis are not 0 hence, the data is asymmetric. 
 

Table 2: Descriptive statistics of unhealthy air pollution events 
 

Variables Mean Median Min 
Value 

Max 
Value 

Standard 
Deviation 

Skewness Kurtosis 

Duration 67.83 49.5 0 133 48.77 0.11 -1.65 
Severity 14681.04 8714 0 49109 14916.82 0.83 -0.66 

 
After visualized that for duration and severity, the marginal distribution had to be determined. 

Most possible distributions according to the plot of duration and severity is Exponential function, Gamma 
function and Weibull function. According to the Akaike Information Criterion (AIC), the best fit marginal 
distribution for duration is the Exponential distribution whereas for severity is the Gamma distribution. 
Both of the distributions have the lower distributions which are 7556.23 and 15322.46 respectively. In 
Kendall’s tau test, the relationship of the duration and severity is higher which is 0.981. Since the value 
is approximately to 1 then, it indicated that there exists a positive relationship between duration and 
severity. By using Spearman’s rho test, the value is 0.999 and showed strong positive relationship 
between duration and severity. 
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Table 3: Akaike Information Criterion for Duration and Severity 
 

Duration 
Marginal Distribution Akaike Information Criterion (AIC) 

Exponential 7556.23 
Gamma 7567.40 
Weibull 9199.19 

Severity 
Exponential 15342.56 

Gamma 15322.46 
Weibull 15344.56 

 
By obtaining the suitable marginal distribution for the duration and severity, it can estimate the 

parameter of copula by pseudo maximum likelihood estimation. The estimated parameter for each 
copula model is as below: 

         
Table 4: Estimation of the parameter for copula model 

\ 
Copula Model Parameter (θ) 

Clayton 87.09 
Gumbel-Hougaard 15.42 

Frank 131.94 
 

Since the marginal distributions and the estimated parameters had been known, the copula can 
be formed. To find the most fitted copula, Cross-Validation Copula Information Criterion (cvCIC) are 
employed. Based on the cvCIC, the best fitted copula is Clayton copula to describe the relation between 
the duration and severity of unhealthy air pollution event. This is because Clayton had the highest value 
which is 2478.33 compared to Gumbel-Hougaard and Frank copula. Based on Figure 2, the Clayton is 
the best fitted to the data of the duration and severity.  
 

           Table 5: Cross-Validation Copula Information Criterion (cvCIC) for copula models 
 

Copula Models Parameter (θ)  cvCIC 
Clayton 87.09 2478.33 

Gumbel-Hougaard 15.42 1695.97 
Frank 131.94 2060.09 

 

 
 

Figure 2: Plots of copula models 
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Conclusion 
 
This study is focus on the characteristic of unhealthy air pollution event in Klang, Malaysia. The main 
focus is to evaluate the duration of the unhealthy air pollution events happen and the severity level of 
an unhealthy air pollution event. The duration of the air pollution is determined by the cumulative of 
subindices of Air Pollution Index (API) higher than 100. The API value of above 100 is considered that 
particular region had higher level of pollution. The severity of the air pollution is obtained by the 
cumulative value of the duration. Hence, the concentration of the 𝑷𝑴𝟐.𝟓 is the indicator to measure the 
severity of the air pollution. Higher concentration of 𝑷𝑴𝟐.𝟓 contribute to longer exposure to the highest 
level of pollution. Ultimately, reduce the activities that cause release of 𝑷𝑴𝟐.𝟓 in the air is one of the 
ways to minimize the air pollution occur in the surrounding.  

 
The correlation of the duration and severity is crucial to be known. By performing Kendall’s tau 

test, the correlation value is 0.981 with p-value less than 0.05 confirmed that the relationship of the 
duration and severity is significant. Since the relationship is significant, the dependency between 
variables had to be determined by copula.  

 
By performing the Cross-Validation Copula Information Criterion (cvCIC), the best fitted copula 

is Clayton copula. Clayton copula obtained the higher cvCIC value of 2478.32 compared to Gumbel-
Hougaard and Frank copula. Gumbel-Hougaard is the least fitted copula as it obtained the lowest cvCIC 
value of 1695.97. From the Figure 4.11, the Clayton copula fit to the data well especially at the lower 
tail. Frank copula fit the data better than Gumbel-Hougaard copula as the outliers are less than in 
Gumbel-Hougaard copula.  
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