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Abstract

Groundwater pollution can happen when human activities, factories, graveyards, mining waste, and
other factors contaminate underground water. In order to clean up the contaminated area, it is very
important to understand how the pollutants move in the groundwater. Based on the mathematical
model, this study focuses on finding an analytical solution to a one-dimensional advection-diffusion
equation (ADE) representing the pollutant transport to understand how pollutants spread in two different
distinct geological formations namely sand and clay. The pollutant concentration is considered in liquid
as well as in solid phases using the Laplace transform method. The graphical interpretation analyzes
the behavior of the concentration distribution on solute transport such as the contaminant concentration
distribution with different geological formations, diffusion parameter values, velocity parameter values
and time values. It is found that the pollutant moves faster in sand instead of clay. Also, the pollutant
moves faster when the seepage velocity and dispersion coefficient are increased while the pollutant
moves slower as time increases. The findings of this research can be invaluable as an initial predictive
tool for the planning of groundwater resource management and remediation projects.
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Introduction
Groundwater is a crucial source of water supply, defined as water beneath the land surface, typically
found in aquifers composed of sedimentary rocks like sands, clays, gravels, sandstones, and
limestones. Groundwater quality is influenced by geological formations, structures, chemical
weathering, and contamination. Contaminants in groundwater vary widely, including physical, inorganic,
organic chemicals, and radioactive substances [1]. Ensuring a safe water supply requires effective
remediation strategies and mathematical models play a crucial role in understanding pollutant
movement, predicting migration patterns, and assessing risks. These models, such as the Advection-
Difussion Equation (ADE), are essential for developing strategic plans to mitigate groundwater
contamination challenges.

Diffusion is a molecule that travels from a high concentration location to a low concentration area
[2] while advection refers to solute displacement along the main flow direction, while dispersion involves
solute spreading in longitudinal and transversal directions due to complex pore structures. The ADE,
based on mass conservation and Fick's law of diffusion states that diffusion rate is proportional to the
concentration gradient and is essential for modeling hydrodynamic dispersion in porous media [3].
Hydrodynamic dispersion is the term used to describe the dispersing of solutes or pollutants in the fluid
as a result [4]. Mechanical dispersion and diffusion combine in groundwater flow to create hydrodynamic
dispersion. Mechanical dispersion reflects the fact that not everything in the porous medium travels at
the average water flow speed. Some paths are faster, some slower, some longer, some shorter.

Previously, other research papers have been conducted to solve ADE, such as analytical

solutions for the (ADE) with variable dispersion coefficient and velocity are derived using the Green’s
function method (GFM) [7] while [8] concentrated to a one-dimensional model for pollutant transport in
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both homogeneous and heterogeneous semi-infinite groundwater reservoirs of these coefficients
reflects the heterogeneity of hydrogeological media while considering Dirichlet-type and Nuemann-type
boundary conditions. Other than that, a numerical approach for modeling the advection-diffusion
equation, employing a method that combines Laplace transform (LT) and Chebyshev spectral
collocation method (CSCM) [9] while a numerical algorithm based are developed on the Laplace
transform and the numerical inverse Laplace transform for numerical modeling of diffusion
problems[10]. Next, the solutions for the (ADE) with temporal coefficients are derived for a pollutant's
point source moving linearly along the axis of a one-dimensional semi-infinite domain [11] and an
analytical solution is achieved for the two-dimensional ADE with variable coefficients in a semi-infinite,
heterogeneous porous medium [12].

This study aims to understand pollutant transport in sand and clay geological formations. The
objectives are to develop a one-dimensional ADE model for groundwater contamination considering
zero production and first-order decay, derive an analytical solution using the Laplace transform method,
and analyze concentration behavior for varying diffusion and velocity parameters. Basically, this study
is conducted based on the work by Singh et al.[4].

Mathematical Model and Its Analytical Solution
From Singh et al. [4], the governing equation consists of ADE and the source term is in the form:

_ 2
Bt = D g e Y @
where D is a longitudinal dispersion coefficient, ¢ is the volume-averaged dispersing solute
concentration in the liquid phase, F is the volume-averaged dispersing solute concentration in the solid
phase, u is the unsteady uniform downward pore seepage velocity, x is a longitudinal direction of flow,
tis atime, y is the zero production rate coefficient for solute production in the liquid phase, u is the first-
order decay rate coefficient in the liquid phase, p is the bulk density of the porous medium and n is the
porosity of geological formation.

Contaminant goes from solid phase into liquid phase under the linear isotherm condition.

F = Kyc, (2)
where K,; is the distribution coefficient. Distribution coefficient can be defined as the concentration
adsorbed by the solid phase to the liquid phase into groundwater reservaoir.

In this research, the growth of solute along the space initially was a linear combination of the
initial concentration taken into consideration. The initial condition can be written as:
c(x,0)=ci+% x>0,t=0. 3)
Mixed type of boundary condition in the splitting time domain at the source due to increasing
human activity at the earth's surface and the solute concentration in groundwater increases in time.
Along the boundary conditions as below can be written as

—DZ—;+uc=uCO x=00<t<ty,
dc
—Da+uc=0 x=0,t>0 4)
Due to no mass flow at the other end of the domain, a flux type boundary condition can be written as

-0 x=1L,t>0. (5)

a - Y
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Using Equation (2), Equation (1) can be written as:

ac 9%¢c ac
Ra—Dﬁ—ua—[JCﬁ'y, (6)
where
R=1+""pK, @)

From the dispersion theory, dispersion is directly proportional to seepage velocity which can be
written as D o u. Hence, D = Au, where, A is a constant that depends upon the pore geometry of the
groundwater. By letting a temporally dependent coefficient, the coefficients can be written as

u = ugy(mt),
D = Doy (mt),
1= poyp(mt),
Y = Yoy (mo),

where u, and D, is the initial seepage velocity and initial dispersion coefficient respectively while u,
and vy, is the initial first-order decay rate coefficient and initial zero-order production rate coefficient for
solute production in the liquid phase respectively and ¥ (mt) is a non-dimensional expression where is
the flow resistance coefficient, the Equation (6) can be expressed as

R dc 9%¢c ac
DomD) 3t 05,2 ~ %05, ~ o€ T Yo (8)
A new time variable T~
T* = [(mt) dt 9)
is introduced and Equation (8) can be expressed as
a a2 a
Ra—;=DO#—uO£—uoc+yo. (20)

The following non-dimensional variables are introduced

C=S;x =10 =My _Molo e Boby e Yol (11)

Co L L L nug ncoUo

=St rCc+y, (12)
where
pe =2, (13)

While the initial and boundary conditions (3) to (5) becomes

C(X,T)=§+y*x. X>0,T=0 (14)
0
—1Zic=1 X=00<T<T,
Pe 0X
1 9C _ _
— =+ C=0 X=0,T>T, (15)
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€= X=n T>0. (16)

ax
The transformation is used to reduce equation (12) to become

*

COT) = KX, T)exp |2 Pe =2 (2 4+ ) T] + c (17)

K 1 9%k
o = reax? (18)

Meanwhile, from transformation (17), the initial condition in (14) and boundary condition in (15) and (16)
become

Ci X
c(X,0)=(—l—y—*+y*X)e‘?Pe X>0T=0 (19)
Co H
10K K 14 [(5e+u)r]

—— 4 —=(1-)elrTH X=00<T<T 20
Peax T2 ( u*)e P 20)
10K K Y\ (e wt)r]

4+ _ == elr\7 X=0T>T 21
P96X+2 ( u*)e 0.7 >T 1)

K K pe x=nT20 22

5= e =nT > (22)

Taking Laplace integral transform technique

1 Pe

RO = 1 o () o5 (1 ) =
4R R

)
U Co

where,

KX,P) = f0°° K(X,T)e FT dT, [, and B, are the arbitrary constants.

Bo=A+B+D+E

§ o ~2VPeRPR

_ |RY 1 -2en —JPerPn __2
Bl_( 2 e +BZ 1 (‘/F*'f)

Pe R (pLE)(/PrE)

where,

e=i 5 ot =35 u)
The analytical solution based on the paper by Singh et al. [4] can be followed as

CX,TD=[FXT+6cXT+HXT+IXT)+]X,T)+MXT)+NXT)+PX,T)+SX,T)

+UX,T)] [XP 1(Pe+ *)T]+y*
X Dlexp|5Pe—p(Z TH w
0<T<T, (24)

CXT)=[FX,T)+G6X,T)+{HX,T)—H(X,T—T,)} +I(X,T) +J(X,T) + M(X, T)

+{NX,T)=N(X,T = T,)} + P(X,T) + S(X,T) + U(X,T)] exp [;Pe —%(% + #*) T]

*

+Z,
U

T>T, (25)

where
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oy Py 1 1 I AR 2
F(X,T) = —We 2 {z(a+§)C1 —z(a—s)Dl} € fz)exp{f T+§’Z}erfc{ +f\/_}

C, = exp(a®T — aZ) erfc (% - a\/T)
— 2 z

D; = exp(a*T + aZ) erfc (ﬁ + a\/T)

Z = nvRPe — XV/RPe

1 |Pe
a=- |—
24 R

GX,T)=G6XT)+G,(X,T) = Gs(X,T) + G,(X, T)

_ _ -—n 1 1 _r _Pey 2 r
G,(X,T) = =’ {2(a+§) C, —z(a—f)DZ} =€ 2 (a2 ) ——exp{¢ T+§’Y}erfc{ +§\/_}
G, (X, T) = 4y"¢ e-%l{ ' o4 D } e e—7n 267 4y'¢ —Tn{ a?+¢2

2 VPeR 2(a+8)? 2 2(a ©272) " JPer (@2-82)" " PeR (a2-¢2)2

Z(EZT_?Z} exp{&%T + &Y} erfc {ﬁ + fﬁ}

C, = exp(a®T — aY) erfc (% - a\/T)

D, = exp(a®T + aY) erfc (% + a\/T)

Y = 3nvRPe — XVRPe
+ S _¢ exp{$2T+$w}erfc{ +f\/_}

-V e 1 1
Gs(X,T) = Vrer € 7 {2(a+§) Cs 2(a—%) D3} Jrer © (a?

_8rg P 1 1 sy’ Pep  wr 8y'e _Pen( a?+g?
Gy(X,T) = VPeR € {2(a+‘f)2 3+ 2(a-§)2 D3} + Per ¢ ° (aZ—EZ)A PeR : {(az—fz)z

2 expl§T + 6w} erfe {1+ VT
C; = exp(a®T — aw) erfc (— - a\/_)
D; = exp(a®T + aw) erfc ( + a\/_)
o = 5nVRPe — XVRPe
HX,T)=H,(X,T) — H,(X,T) + H;(X,T) — H,(X,T)

H (X, T) = %\/’%(1 —Z—) (Cy + Dy)

HZ(X,T)=\E(l—i—:)Zf{z(\/%Jrf)C‘, Z(J_ 5 }+2§ (—y—*)szexp{sz+fY1} erfc{ +
EVT}
C, = exp(QT — \/QY,) erfc (Zy—lﬁ - \/ﬁ)
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D, = exp(QT +/@%,) erfe (;%=+./QT)
Y, = 2nVRPe — X\/RPe
Hy(X,T) = %\[%(1 ~L) (G +D5)
Hy(X,T) = 6§ [=(1- Z—) {zu%m Cs — Z(J%—f) DS} +6¢ [=(1- y*) L exp(§2T + fw,) erfe{st
¢VT}
Cs = exp(QT — /Qu;) erfc (2“’717 — Jar)
Ds = exp(QT +/Qu,) erfc (2“’717 +./QT)
w; = 4nVRPe — X\RPe
020
IX,T) = LXT) = LXK, T) + (X, T) — (X, T)

L(X,T) = 1\/%(;—2%) (Cs + Ds)

YL 1 Pefci v\ _§ 2 N
LX,T) = 2& ( ){Z(M)c6 2(a_5)06}+2§ R(C0 #*)az_fzexp{§T+fY1} erfc{2ﬁ+

§VT}

Ce = exp(a®T — aYy) erfc (Zy—lﬁ - a\/T)
D¢ = exp(a®T + aY;) erfc( + a\/_)

Y; = 2nvRPe — XV RPe
L(X,T) =—\[§(j—o—§) (C; + D)

L,(X,T) = 6& e(——y—*){z(aif)(,} 2(%{) }+6§ e(o—y*)az fzexp{§2T+€w1} erfc{ +

¢VT}

C, = exp(a®T — aw,) erfc (;)717 - a\/T)
D, = exp(a®T + aw,) erfc (;)717 + a\/T)

w, = 4nVRPe — X\/RPe
JXT) =11 XT) =X, T) = Js(X,T) = J,(X, T) + Js(X,T) = Je(X,T) —J,(X,T) +Js(X,T)

]1(X!T) = ZW(C6+D6)

2 1 1
]Z(X' T) Y \/I% {2(a+f) Cﬁ z(a——f)Dﬁ} ]/ \/Waz I exp{sz + fyl} erfc {_ + f‘/_}
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J(X,T) = —%\/%{i (2aT = ¥,)C} — V;\/%{i (2aT + Y,)D,}

_ y_* Pe 1- (a+§)(2aT Y1) v (2aT+Y1)(a -1 _y_* Pe T
Ja(X.T) = R\/: 2 a@ipr Ce T \/7 B @y Do mR{r Bagh *

E( 2_ 52)2 eXp(sz+fY1) ETfC{ +f\/_}

JS(XlT)Z 2\/F(C7-I_D7)

_ « 6§ 1 1 _ 68 2
s, T) = =7 e 5is G — 5ap D)~V e g OXPUET + €wn) erfe {7+ §VT]

J,(X,T) = —%\/%{ﬁ (2aT = w,)Cr} - V;\/%{ﬁ (2aT + w,)D, }

P1(+f)(2T ) (2aT+wq)(a—§)-1
Js(X,T) = 6§ % o2 IEOCEe ¢, 4 6 L f 28 =D —6i f

f (aZ EZ)Z exp(sz + Ewl) eTfC {— + E\/_}

MX,T) =M, (X,T) + M,(X,T) — M3(X,T) + M,(X,T)

GRS S S AR SIS BN A 2 K
M, (X, T) = T @ 2 {z(a+§)CB 2(a_é)Dg} T @ ? (a2 e exp {¢ T+fo}erfc{ +f\/_}
oy P 1 v -Pey  agr A
MZ(XFT) _\/m e 2 {2(a+f)2 C8+2(a—f)2D8}+\/R_Pe 2 (az_fz) 4 VRPe {(a2_€2)2
282T+é0
(az-sz)} exp{&?T + éo} erfc{ +E\/_}
* _Pe, 1 _ 1 y* _E 9 P
Ms(X,T) = = e 2" {5 Co = s Do 4+ gl €72 " o e (82T + Eplerfe [T + €T}
oy _Pe, 1 y* _Pe, 2sr _Pep ( a?+¢?
My(X,T) = o= 652" (s Co 5 Do} + b8 e 2" 2 St
28T+
o 62)} exp{&?T + &Y} erfc{—+€\/_}

Co = exp(a?T — ac) erfe (35— avT)
Dy = exp(a®T + ac) erfc (7= + avT)
Cy = exp(a?T — ap) erfc (S — aVT)
= exp(a?T + ap) erfe (S5 +avT)

o = nVRPe + X/ RPe
Y = 3nVRPe — XVRPe

s = gzexe (-5)
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2

o= oo (-3)

NX,T)=N,(X,T) + N,(X,T) — N;(X, T)

N (X,T) = 1\/?_6(1 - _) (C10 + Dyo)
Cio = exp(QT —X,/RPeQ) erfc <— Bpe _ \/_>
Dip = exp(QT + X,/RPeQ) erfc (g\/ﬁﬁ + m)

1 [p *
N,(X,T) = 5\[%(1 —%) (Ci1 + Dyy)

w0 = 46 [ (1) bz 6o~ )+ 45 (-5 5
EVT)

Ciy = exp(QT — 01\/5) erfc (zUTIT — \/ﬁ)

Dy; = exp(QT + 0,,/Q) erfc (26717 + \/ﬁ)

0, = 2nVRPe + X~/ RPe
PX,T) = PL(X,T) + P,(X,T) = P3(X,T)

exp{&?T + &0y} erfc{

P(X,T) =~ _e(c___) (Ci2 + D12)

R \c¢g

C1, = exp(a®T — aXVRPe) erfc <)2—( ’RTﬁ —a T)
D, = exp(a®T + aXVRPe) erfc <)2—( ’% + aﬁ)

P(X,T) =5 ﬁ (£-2) €5+ D)

P,(X,T) = 4& [& (—O _ V_*) {2(;8 Cis — 5 - Dy} +4g = (5—0 - Z—) aszz exp{€2T +

§01) erfe {5+ VT

C;; = exp(a®T — aoy) erfc (;717 - a\/T)

Dy, = exp(a’T + aay) erfc (% + a\/T)

SX,T)=S5:(X,T)+ S, (X, T) = S5(X,T) = S4.(X,T) + Ss(X,T) + Ss(X,T)

51(X' T) = W(Cu +D12)

S,(X,T) = ——J:{ (2aT — X«/}T)Clz} —\/E{i(ZaT+X\/m)D12}
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S3(X,T) = + Dy3)

2 \/F (Cl3

* |pe(1 T |Pef1
Ss(X,T) = %\/%{E(ZaT— 01)C13}+%\/%{E (2aT + 0;)Dy5}

v 1 v ¢
VRPe 4‘5 {2(a+$) C13 2(a &) D13} VRPe 45 az-§2

* [P 1-(a+&)(2aT-a1) * P (2aT+oq)(a-&)-1
Se(X,T) = V;\/% 4¢ ZQT;zﬁCB“ﬁ — 4¢ “4;21 ‘;)2 D13——\/7 K= 52 +

n : 2 o
R 46 (a2-£2)2 exp{f T+ 60'1} er‘fc {2\/7 + E\/T}

Ss(X,T) =

exp{&%T + &0y} erfc {;717 + E\/T}

U T) = (S-L+yx) e~ (5x-5T) _ rr e~ (5X577)
HX,T)-H(X,T-T,) ={H,(X,T) — H,(X,T — T,)} - {H,(X,T) = H,(X,T — T,,)} + {Hs(X, T) —
Hs(X,T—T,)} = {H,(X,T) — H,(X, T - T,,)}

NX,T)=N(X,T=T,) = {Ny(X,T) = Ny (X, T = T, )} + {No. (X, T) = N, (X, T = T,,)} — {N5 (X, T) —
Ns(X,T = T,))
Result and Discussion

The following data in Table 1 is from [6] is used in MATLAB coding to obtain the concentration
contamination from equation (3.17) by assuming K(X,T) = 1 for simplification.

Table 1: The Parameter and Its Value

Parameter Value

c 0.01
Co 1.0
Ug 0.01 (myear™1)
D, 0.1(m2year™1)
Yo 0.000001
Uo 0.0005(year™1)
L 200m
K, 0.0025
Pe 2.0
p 999
m 0.004(year™1)
k 0.2

n sand 0.37

nclay 0.55

The average porosity of different geological formations is n=0.37 for sand and n=0.55 for clay.
From Figure 1, it is evident that contaminant concentration increases with distance in both sand and
clay, but the rate of increase differs. In sand, the concentration rises more rapidly, indicating faster
dispersion compared to clay, possibly due to higher permeability or a more efficient transport
mechanism.

Figure 2 shows contaminant concentrations in sand and clay at T=1 and T=10. In sand, the
concentration increases rapidly with distance at both times, while in clay, it increases more slowly,
showing a more linear growth. At any given distance and time, contaminant concentration is higher in
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sand than in clay, indicating that sand allows faster dispersion. Over time, both materials show an
increase in concentration, but it is more pronounced in sand.

Figure 1 Concentration Behaviour of Sand vs Clay
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0

Distance
Figure 2 Concentration Behaviour of Sand vs Clay at Different Time
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sand when T=10
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Concentration

060000

00000

Distance

Also,two graphs have been observed in the sand geological formation, showing variations in
seepage velocity and dispersion coefficient. From Figure 3, contaminant concentration is shown with
seepage velocities of u=0.01, u=0.015, and u=0.02. At u=0.01, there is a gradual increase in
concentration with distance. At u=0.015, the increase is steeper, and at u=0.02, the increase is the
steepest, indicating that higher seepage velocities result in higher contaminant concentrations. From
Figure 4, contaminant concentration is shown with dispersion coefficients of D=0.1, D=0.15, and D=0.2.
At D=0.2, there is the steepest increase in concentration with distance. At D=0.15, the increase is
steeper compared to D=0.1, indicating that higher dispersion coefficients result in faster dispersion. In
both cases, concentration increases more rapidly with distance.

Figure 3 Concentration Behaviour of Sand with Different Seepage Velocity
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e =40, 001
—u=0.015
u=0.02

200
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Figure 4 Concentration Behaviour of Sand with Different Dispersion Coefficient
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Two graphs have been observed in the clay geological formation, showing variations in
seepage velocity and dispersion coefficient. From Figure 5, contaminant concentration is shown with
seepage velocities of u=0.01, u=0.015, and u=0.02. At u=0.01, there is a gradual increase in
concentration with distance. At u=0.015, the increase is steeper, and at u=0.02, it is the steepest,
indicating higher seepage velocities result in higher contaminant concentrations. From Figure 6,
contaminant concentration is shown with dispersion coefficients of D=0.1, D=0.15, and D=0.2. At D=0.2,
there is the steepest increase in concentration with distance. At D=0.15, the increase is steeper
compared to D=0.1, indicating higher dispersion coefficients result in faster dispersion. In both cases,
concentration increases more rapidly with distance.

Figure 5 Concentration Behaviour of Clay with Different Seepage Velocity
40 =001
s =), 015
35+ u=0.02
30+
=25}
.g
5 15}
10}
5 _/
0 1 2 3 4 5 6 7 8 9 10
Distance
Figure 6 Concentration Behaviour of Clay with Different Dispersion Coefficient
40 e =0, 1
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5 /
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Distance
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Conclusion

This study highlights the importance of using the ADE model to solve groundwater contamination
problems and protect water resources, which are crucial for all living things. The study analytically
solves the ADE for pollutant transport using the Laplace transform technique and analyzes contaminant
behavior in different geological formations like sand and clay. Sand shows faster contaminant
movement compared to clay, with dispersion coefficients and seepage velocities significantly
influencing the rate and distribution of contamination. Higher values result in more rapid contaminant
spread. The study's findings, achieved through analytical solutions and graphical interpretations using
MATLAB, emphasize the need for continuous monitoring and understanding of contaminant dynamics
to protect water resources and guide future research and management strategies.

Solving the ADE for different formations, dispersion coefficients, and velocities helps examine
concentration distribution behaviour, aiding in cleanup strategy decisions. Integrating these models into
decision-making enhances the protection of water resources, public health, and sustainable water
supplies. The research findings serve as a valuable predictive tool for groundwater resource
management and remediation projects, emphasizing the need for ongoing research, interdisciplinary
collaboration, and adaptive management for successful outcomes.
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