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Abstract

An abelian group is a group in which the operation is commutative. Examples of finite abelian
groups include the group of integers under addition modulo n and the group of integers under
multiplication modulo n, where n is any positive integer. These groups play a crucial role in
various areas of mathematics and computer science due to their structural properties and
applications. As n increases, calculating properties such as the order of group, the order and
inverse of each element, cyclic subgroups, generators, and lattice diagrams becomes
increasingly complex and time-consuming. Consequently, a specialized program is necessary for
these computations to ensure accuracy and efficiency. In this research, a program is developed
using Microsoft Visual C++ that allows users to input any positive integer up to 1000 to generate
answers for these group properties. This tool significantly simplifies the process of analyzing
complex group structures, making it accessible for researchers and educators alike.

Keywords Finite Abelian Groups; Group of Integers Under Addition Modulo n; Group of
Integers Under Multiplication Modulo n; Microsoft Visual C++

1. Introduction

Algebra is one of the fundamental subjects in Mathematical sciences and group theory is one of
the topics which have been studied since the 19th century [1]. Group characteristics have been the
subject of a lot of discussion over the years. This includes the elements and their inverses, the
cyclic and non-cyclic, the nature of groups, and the study of their lattice diagrams. These have
covered a wide range of group types, including finite groups and some special cases such as
dihedral groups. The additive group of integers modulo n is represented by the symbol Z» . In
mathematical terms, Zn is the set of equivalence classes of integers under the relation of
congruence modulo n. If the difference between two integers is divisible by n, these numbers are
said to be congruent modulo n. The symbol U(n) represents the group of units modulo n, also known
as the multiplicative group of integers modulo n. The integers in the set Z that are relatively prime
to n, or that have no shared factors other than 1 with n, are the elements of U(n).

Manually, to generate some properties of Z» and U(n) which include the elements of group,
order and the unigue inverse of each element and also the lattice diagram will cost a lot of time
when the value of n increases. Therefore, a new method by using software is needed to reduce this
difficulty. Previously, Mohd Ali et al. [2] have developed a C++ program interface to display the
properties of Zn and U(n). However, the input of n for the program is limited to positive values of
n < 120 and all the properties are shown in one interface. Later in 2015, Mohd Ali et al. [3] upgraded
this program limitation until n <200 and improvised the interface layout. The programme limitations
of groups Zn and U(n) have been modified by Abd Rahman [4] in 2019 to n < 400 and the dihedral
group, Dn, where n = 3, 4, and 5. Then, this report is to upgrade the program by improvised the
limitation of group Zn and U(n) up to n = 1000.
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2. Literature Review
2.1 Programming Involving Group Theory

Mohd Ali et al. [2] have developed a program which can display some properties of some finite
abelian groups. The program allowed the user to choose the integer n for n £ 120. The order of
group, order and inverse of each element, cyclic subgroups, and list of all generators of a group
can be computed by using this program. In this program, the authors also developed the coding
so that the program can display the lattice diagram of the cyclic groups. All the properties are
displayed in one interface after a group has been chosen.

Enter a positive integer n: Elements of Z 20
(n must not be greater than 120)
20
Groups
I = Zxn|= 20
| @ zm oK
(| " . o
|| € Um ‘This group is cyclic !
I Elements: Inverse: Order: | ~ Generators of the group:
[ 0 1 a 137 9 11317
1 19 20 o
2 18 10
3 17 20
4 16 5
5 15 4
6 1 10
Unique cyclic subgroups of Z2 Lattice Diagram:
<0>: 0
<10>: 0 10 <1>
<> 005 1015 /\
4> 0 48 1216
<2> <4>
<2>: 002468 1012141618
20123456789 .19 /\/
<5> <10>
<0>
——— =

Figure 1 Interface for Zyo

Abd Rahman [4] have developed a program to determine all elements of the group, order of
the group, inverse and order of each element, generators of the group, cyclic subgroups as well
as the lattice diagrams of group Z, and cyclic group U(n) for n < 400. This program also included
some properties for some dihedral groups, D, which can display the symmetry shape of the n-gon
of the groups and their Cayley table. The properties can be reviewed by selecting one of the
buttons and entering the desired value for n.

7 Some Properties of Zn, U(n) and Dn - 0

Enter a positive integer n:
n less than 400)

320 Unique cyciic subgroups of 213

Addition Modulo. Zn

Element of Z
Order of Z

Lattice of Z

Multiplication Modulo, Ufo)

(n=34and %)
Dihedral, Dn

Element of D
Properties

Figure 2 Interface for Z320
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7 Some Properties of Zn, U(n) and Dn - o X

Enter a positive integer n:
n less than 400) 1 2 1 2 1 2 2 1

—— i ;
Rotation at 0° Reflec i
. Odentitye)
1 2 4 1 1
R
Rotation at 90° Refl o
3 3 1
Multiplication Modulo, Ufn)
Element of U 1 1 3
Lattice of U Rotation at 180° Reflection on diagonal asis
. N . . passing through vertice 2 and 4 .
1 2 2 1 A
(n=3,4and5)
R 7y
Dihedral, D ; A
{Element of D Rotation at 270° Reflection on diagonal asis
R . _ passing through vertice 1 and3

Figure 3 Interface for D,

2.2 Some Basic Concepts in Group Theory

In this section, the definition of a group that will be covered in this research including the order of
group and their elements, cyclic group, cyclic subgroup, and lattice diagram and the definition for
the groups Z, and U(n) are discussed.

Definition 2.2.1 [8] The number of elements of a group (finite or infinite) is called the order of
a group. The notation |G| is used to denote the order of G.

Definition 2.2.2 [8] The order of an element g in a group G is the smallest positive integer n
such that g" = e (In additive notation, this would be ng = 0). The order of an element g is denoted

by [gl.
Definition 2.2.3 [B] Leta €G. Then (@) ={a" |n€eZ}={e, a,a? a? ..}is called a cyclic

subgroup of G generated by a.

Definition 2.2.4 [B] Leta € G. Then(a)={a"|neZ}={..,a3 al e aa?as’ ..} If
G = (a), then G is called as a cyclic group generated by a.

Definition 2.2.5 [8] Let {H1, H2, ..., Hn} be a collection of subgroups of G and denoted by E the
trivial subgroups of G with only one element. Then one arranges the groups vertically such that
groups with higher order are placed nearer the top and groups with smaller order placed nearer the
bottom

Definition 2.2.6 [8] The set Z, ={0, 1, ..., n-1} for n = 1 is a group under addition modulo n. For
any iin Zn the inverse of i is n - i. This group is usually referred to as the group of integers addition
modulo n.

Example 2.2.1 [2] The elements of Zes are 0, 1, 2, 3, 4 and 5. Hence the order of the group is
6. The computations of the order of the elements are as follows:

[0] = 1 since the order of the identity element is always 1.
[1]=15|=6since6x1=6=0and 6 x5=30=0.
2] =]4| = 4 and |3| = 2.
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One way of getting the inverse of each element is to use the formula n — i, where i is the
element of 6. Therefore, 0~ = 0 (the inverse of the identity element is identity), 12 =5, 21=4
and 37 =3. The elements 1 and 5 are the generators of this group since the order of those elements
is the same as the order of Zs. The cyclic subgroups of Zs are obtained by generating each element
of the group. The following shows the cyclic subgroups of Ze:

0) ={0}, (1) = (5) =17 (2) = (4) ={0,2,4}and (3) ={0,3}

Hence the lattice diagram of Z is:

(1)
7\
(2) (3)

/
(0)

Figure 4. Lattice diagram of Zs

Definition 2.2.7 [8] For each n > 1, U(n) is defined to be the set of all positive integers less than
n and relatively prime to n. U(n) is known as a group of integers under multiplication modulo n.

Example 2.2.2 [2] The elements of U(6) consist of 1 and 5 only. Hence the order of the group
is 2. The computations of the order of the elements are as follows:

|1] = 1 since the order of the identity element is always 1.
[5]=2since5x5=1

The inverse of each element is: 17! = 1 (the inverse of the identity element is identity, 57 = 5.
Generator of this group is 5. The cyclic subgroups of U(6) are also obtained by generating each
element of the group. The following shows the cyclic subgroups:

(1) ={1}, (&) =U(s)
Hence the lattice diagram of U(6) is as follows of U(6):

(5)

(1)

Figure 5: Lattice diagram of U(6)

3.Programming codes and the output related to the additive group of integers
modulo n

3.1 Some programming codes. The codes below are used to minimize the potential for
errors, C++ has adopted the convention of using header files to contain declarations. You make
the declarations in a header file, then use the #include directive in every .cpp file or other
header file that requires that declaration. The #include directive inserts a copy of the header file
directly into the .cpp file prior to compilation.

#tinclude <afxwin.h>
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The codes below are to set the ID numbers for each event created for the interface. The ID
numbers need to be integers and different from each event for the codes are not overlapped.
These are two ID numbers added to the codes where IDC_BTNOPT_ElmtnOrdZ is the name for
the ID and 501 is the ID number.

t#tdefine IDC_BTNOPT_ElmtnOrdz 501
t#tdefine IDC_BTNOPT_ElmtnOrdu 506

To display the properties of the Abelian Groups that less than 1000, this code needs to be
change to 1000 for the interface to run.

#define M 1000
The following code is to create the box that allow the user to write the value of n.
CEdit enterN;

enterN.Create(WS_CHILD | WS_VISIBLE | WS_BORDER | SS_CENTER, CRect(CPoint(4@,
70), CSize(6@, 30)), this, IDC_ENTER_VALUE);

DrawRegion = CRect(CPoint(xMIN, yMIN), CPoint(xMAX, yMAX));

CEdit is a command to declare an edit box and enterN is the name of the variable.
DrawRegion is an assign variable for the output area. enterN.Create to create the box with
desired edit box using WS_CHILD. CRect(CPoint(40, 70), CSize(60, 30)) to change the size of the
edit box.

Next, the following codes are used to create the button for displaying the elements, order, and
the lattice diagram of Zx:

CButton  btnGrpGzZ, btnElmtZ, btnOrdz, btnLatZ;

btnGrpGZ.Create(L"Zn", WS_CHILD | WS_VISIBLE | BS_GROUPBOX | WS_GROUP,
CRect(CPoint(200, 10), CSize(250, 130)), this, IDC_BTNGRP_GROUPZ);

btnElmtnOrdZ.Create(L"Element, Inverse and Order of Zn", WS_CHILD |
WS_VISIBLE | BS_DEFPUSHBUTTON | BS_MULTILINE, CRect(CPoint(210, 30),
CSize(230, 40)), this, IDC_BTNOPT_ElmtnOrdZ);

btnGenZ.Create(L"Generator of Zn", WS_CHILD | WS_VISIBLE | BS_DEFPUSHBUTTON,
CRect(CPoint(210, 75), CSize(230, 25)), this, IDC_BTNOPT_GenZz);

btnLatZ.Create(L"Lattice of Zn", WS_CHILD | WS_VISIBLE | BS_DEFPUSHBUTTON,
CRect(CPoint(210, 105), CSize(230, 25)), this, IDC_BTNOPT_LatZz);

CButton is a command to declare a button. btnGrpGZ is the name of the variable that assign
to a button. With the name of the variable, btnGrpGZ.Create used to create the button. The
name on the button can be edit at L"Zn" with the desired type of button using BS_ GROUPBOX.
These commands applied to all buttons created for the interface.

Then, the event needs to be declared for each created button.

afx_msg void OnElement();
afx_msg void OnOrder();

afx_msg void OnLattice();
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ON_BN_CLICKED(IDC_BTNOPT_ElmtZ, OnElement)
ON_BN_CLICKED(IDC_BTNOPT_OrdZ, OnOrder)
ON_BN_CLICKED(IDC_BTNOPT_LatZ, OnLattice)

OnElement() is the name of the event. Then, ON_BN_CLICKED used to declared the event in
the event list with the name of the ID and event.

3.2 The output of addition modulo n, Zn
3.2.1 Program Interface. Figure 3 illustrates the interface for the written program.

3.2.2 Some output of the program for Zn. Figure 4 shows the outputs displayed in the
interface when the user keys in n=665 and selects the button “Element, Inverse and Order of
n”.

The outputs on generator of Zesss shown in Figure 5 when the user select the button
“Generator of Zn”.

The lattice diagram of Zsss is shown in Figure 6 when the user selects the button “Lattice
Diagram of Zn”.

W7 Some Properties of finite Abelian Groups using C+-+ - o x

Enter a positive integer n:

(n not greater than 1000) ‘ Element, Inverse and Order of Zn

Figure 6
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[ Some Properties of finite Abelian Groups using C++ — O
Enter a positive integer n: Utn)
(n not greater than 1000) ‘Elmmuwme o Umrn'lnl ‘ Element, Invﬂ[sne]and Order of |
[ Generator of Zn RN Generator of Ufn) |
[ Latice of Zn [ Lattice of Ufn] |
These are list of elements,inverse and order generator and cyclic subgroups of Zsz4 ,
| Zs24| = 524
DEIement | Inverse | Ov:er Unique cyclic subgroups of Zszs
1 523 524 <0 0
2 522 262 Qg0 262
3 521 514
2 o0 e <1312:0 131 262 393
5 519 524 <> 0 4 8 12 16 20 24 28 32 36 40 44 48 52 56 60 64 68 T2 76 80 84 88 92 96 100..520
6 518 262
7 57 e >0 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 3/ 40 42 44 46 48 50 .52
M e 3 <200 1 2 3 4 5 6 7 8 9 101l 1213 14 15 16 17 18 19 20 21 2 23 24 25 .53
9 513 524
10 514 262
" 513 524
2 512 131
13 511 524
14 510 262
15 509 524
16 508 131
17 507 524
18 506 22
19 505 514
20 504 131
21 503 524
2 302 262
23 301 524
2 300 131
23 499 524
Figure 7
[87 Some Properties of finite Abelian Groups using C++ — o
Enter a positive integer n: Uln)
(n not greater than 1000) ‘ Element, Inverse and Order of Zn | ‘ Element. Invnl:[sra and Order of |
[ Generator of n 1111 Generator of Ufn] |
[ Lattice of Zn 111 Lattice of Ufn) |
‘This group is cyclic !
Generators of the group:
1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41 43 45 47 49 51 53 55 357 39 6l 63 65
67 69 71 73 75 77 79 81 8 85 87 89 91 93 95 97 99 101 103 105 107 109 111 113 115 117 119 121 123 125 127 129 133
135 137 139 141 143 145 147 149 151 153 155 157 159 161 163 165 167 169 171 173 175 177 179 181 183 185 187 189 191 193 195 197 199
201 203 205 207 209 211 213 215 217 219 221 223 225 227 229 231 233 235 237 239 241 243 245 247 249 251 253 255 257 259 261 263 265
267 269 271 273 275 277 279 281 283 285 287 289 291 293 295 297 299 301 303 305 307 309 311 313 315 317 319 321 323 325 327 329 331
333 335 337 339 341 343 345 347 349 351 353 355 357 359 361 363 365 367 369 371 373 375 377 379 381 383 385 387 389 391 395 397 399
401 403 405 407 409 411 413 415 417 419 421 423 425 427 429 431 433 435 437 439 441 443 445 447 449 451 453 455 457 459 461 463 465
467 469 471 473 475 477 479 481 483 485 487 489 491 493 495 497 499 501 503 505 507 509 511 513 515 517 519 521 523

Figure 8
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W7 Some Properties of finite AbeSan Groups using €+« - 0o x

Enter a positive integern: | ® e
{ ot greater than 1000) Element, Inverse and Order of n

Element. Inverse and Order of
Uin)

| 5 Generator of Zn )| Generatar of Ufo) |

Lattice of Zn | || Lattice of Ujn] |

Lattice Diagram:

<= <131>

<0>

Figure 9

This program is written with message boxes that will appear in different situations. Since this
program is limited for group of integers under addition modulo n, Z, where n is any positive
integer at most 1000, if the user accidently enters the value n less than 0 or greater than
1000 a message box warning as shown in Figure 7 will appear.

WARNING! X

I i Enter the allowed n value OMLY!

Figure 10
4.Programming codes and the output multiplicative group of integers modulo n

4.1 Some programming codes. The codes below are used to create the button for displaying the
elements, order, and the lattice diagram of U(n):

btnGrpGU.Create(L"U(n)", WS_CHILD | WS_VISIBLE | BS_GROUPBOX | WS_GROUP,
CRect(CPoint(u60, 10), CSize(250, 130)), this, IDC_BTNGRP_GROUPU);

btnElmtnOrdU.Create(L"Element, Inverse and Order of U(n)", WS_CHILD |
WS_VISIBLE | BS_DEFPUSHBUTTON | BS_MULTILINE, CRect(CPoint(470, 30),
CSize(230, 40)), this, IDC_BTNOPT_ElmtnOrdu);

btnGenU.Create(L"Generator of U(n)", WS_CHILD | WS_VISIBLE |
BS_DEFPUSHBUTTON, CRect(CPoint(u7@, 75), CSize(230, 25)), this,
IDC_BTNOPT_GenU);

btnLatU.Create(L"Lattice of U(n)", WS_CHILD | WS_VISIBLE | BS_DEFPUSHBUTTON,
CRect(CPoint(u470, 105), CSize(230, 25)), this, IDC_BTNOPT_LatU);
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4.2 The output of the program for U(n). Figure 8 shows the outputs displayed in the interface
when the user keys in n=563 and selects the button “Element, Inverse and Order of U(n)”.

The outputs on generator of U(563) shown in Figure 9 when the user select the button
“Generator of U(n)”".

The lattice diagram of U(563) is shown in Figure 10 when the user select the button “Lattice
Diagram of U(n)”.

W7 Some Properties of finite Abelan Groups using Ce «

0 x
Enler a positive | 5 Uil
{1 net greater than 1 [EI‘W‘U T Y [ Element, Imt;l:‘cl and Order of ‘
03 [ Generator af Zn 1111 Generatar of Ufo] |
[ Lattice of Zn 1] Lattice of Ufn) |
These are list of elements inverse and order generater and eyelic subgroups of U (809 )
| vigos | = 808
Inm \nv‘m °~\i=| 1| | Yriawe exctic subgroups of uteos)
2 08 a0 wr
3 m P <t 808
4 wr m <0l 318 898 1
5 W Rl 4> 14 318 236 B0 TES 491 STO
s m o @ 11 e o 100 0 38 322 36 07 .
s k- P ERETR A 81 613 296 104 76 332 438 180 451 T30 256
9 % 0 174 409 436 625 330 692 799 730 319 615 260 20 605 190 521 211 450 &40 435 618 261 349 16 102
n a me T84 634 353 324 650 505 299 &75 89 623 316 54 113 791 683 736 298 468 40 280 342 776 378
n = u B
3 et o 34105 436 126 S04 398 783 208 393 T3 635 75 290 35 67 81 338 487 330 511 406 86 341 567 #8017
u 209 0 692 M1 555 602 90 209 387 739 529 498 74 €57 321 475 282 119 467
s el o 290 151 T84 629 B9 356 615 33 132 928 494 308 623 260 231 115 460 222 79 316 455 200 308 303 755
1 E 101 .
T 238 d
8 1 m 1 o4 0§ 16 B 6 IMNINIA0N WIN4AET 14 M 3 NINIEE 1M
a 51 mn 696 543 357 TI4 619 439 40 98 196 302 7H4 759 09 609 4090 18 36 72 148 288 576 343 €36 563 317
2 5 o 634 499 10 215 436 63 126 262 504 199 396 796 783 747 208 601 303 786 763 717 €25 441 T3 146 290 384
:; :éf ﬁ 355 THE 617 445 B 162 324 605 487 165 530 660 S11 213 436 43 86 172 344 638 367 325 650 481 173 M6
2 598 i 05
u 2% 08 < U
5 3% )
% 55 e
57 Some Properties of finite Abefan Groups using Ce » - o x
Enter a positive integern: | ™ Vil
{n net greater than 1000) Element, ot and Order of Zn [ Element, Im‘L;[’h‘] and Order of
o] [ Generator of In )| | ratorof Ufn)___| |
[ Lattice of n 11| [ Lattiee af Uln] |

This group is eyelic |

Generators of the group:
306 11 12 15 17 21 22 24 27 29 30 31 34 37 39 41 42 47 48 53 54 55 5T 56 59 60 62 67 68 69 7T T4

75 77 78 81 83 84 85 B8 G4 9% 99 103 105 106 107 108 110 114 116 118 119 120 124 129 131 134 135 136 137 138 139 142 143
145 147 148 150 151 153 154 155 156 157 163 164 166 168 170 176 181 183 185 188 189 192 193 195 197 198 203 205 206 209 210 212 214

216 217 219 220 221 223 227 228 119 231 235 236 237 238 40 241 243 248 251 253 257 158 259 261 261 263 165 267 168 269 270 271 272

285 286 287 290 291 293 294 295 296 300 302 303 306 307 308 310 312 313 314 323 326 327 328 329 331

332 333 335 336 337 339 340 345 351 352 353 333 362 363 366 367 369 370

386 389 390 391 394 396 397

399 403 406 410 412 413 415 418 419 420 423 424 4235 428 431 432 433 434 438 439 440 442 443 446 447 454 4356 457 458 464 469 470 472

Figure 12
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57 Some Properties of finite Abeian Geoups using Ce = - o x

n Ufn]
| Etement. Inverse and Order of
)

Enter a positive integer n:
(n mot greater than 1000)

Element, Inverse and Order of /n

e Generator of Zn 1M Generator of Ujn] ]

Lattice of Zn 1 Lattice of Uln) |

Lattice Diagram:

<808s 4>

+318: 22

s

Figure 13
4.3 Message Boxes. This program is written with message boxes that will appear in different
situations. Since this program is limited for group of integers under multiplication modulo n, U(n)

where n is any positive integer at most 1000, if the user accidently enters the value n less than 0
or greater than 1000 a message box warning as shown in Figure 11 will appear.

Another message box that is shown in Figure 12 informs the user about the display, that is,
cyclic subgroups and lattice diagram will only be displayed if the chosen group is cyclic.

WARNIMNG! x

l 9 Enter the allowed n value OMNLY!

Figure 14
On The Display >

Cyclic subgroups and lattice diagram will only be displayed if
" the group is gyclic!

Figure 15

5. Conclusion

From this research, a program has been constructed to determine all elements of the group, order
of the group, inverse and order of each element, generators of the group, cyclic subgroups as well
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as the lattice diagrams of groups Zn and cyclic group U(n) for n < 1000. By entering the desired
value of n and checking at one of the buttons, the properties will appear.

This program is hoped to be able to serve as a starting point for developing better and

sophisticated programs.

6. Suggestion

The input of n for this program is limited to positive integers of n at most 1000. Therefore, my
suggestions would be to eliminate this restriction on the value of n. Apart from that, an improved
program to find the cyclic subgroups together with the lattice diagram for noncyclic group U(n) can
also be developed.
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