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Abstract

A graph is a versatile tool used to represent real-world problems such as computer networks,
the internet, telephone systems, pipelines, gas, and water distribution networks. It is also used to
represent discrete objects like groups and rings. One example of group representation in a graph is the
coprime graph. This study discusses the Sombor Index SO(G), the Reduced Sombor Index S0,..4(G),
and the Average Sombor Index S0,,,(G) of the Coprime Graph of the Generalized Quaternion Group.
The results of this study provide the general formula for the Sombor Index, the reduced Sombor index
and the average Sombor index of the coprime graph for the generalized quaternion group Q,, withn =
2k,
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Introduction

Graphs are a tool used to present structures in the context of the Chemical Topological Graph
(CTG), which is a mathematical structure that functions to represent chemical molecules. These graphs
consist of vertices representing the atoms in the molecule and edges representing the chemical bonds
between these atoms. In the application of CTG, graphs are used to calculate topological indices, which
are useful in predicting molecular properties [1]. These graphs enable structural analysis of molecules
and aid in developing more accurate models to predict their properties [2]. Graphs are also used to
represent discrete objects such as groups and rings. Some properties of graphs include vertex degree
and vertex distance. The degree of a vertex v is defined as the number of vertices in the graph that are
adjacent, with v, and the distance between two different vertices u and v is the length of the shortest
path connecting the two vertices.

Coprime graphs of quaternion groups have been an interesting research topic in mathematics
and computer science. These graphs possess unique properties related to prime numbers, and studying
them helps deepen our understanding of mathematical structures. In this study, we will discuss the
topological indices of coprime graphs of quaternion groups [3]. Topological indices are metrics used to
measure graph characteristics such as distance, density, and other special properties. Research on
graph representation in quaternion groups is a broad topic with applications in various fields such as
chemistry, biology, and information technology [4]. A quaternion graph represents the structure of a
guaternion group, which consists of multiple quaternions with specific operations. A quaternion is a
complex number with four components, and a quaternion group is a collection of different quaternions
with defined operations.
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Topological indices are the subject of extensive research as effective numerical descriptors for
describing the shape of graphs. Topological indices can measure various graph properties, such as
density, distance, and internal structure. Based on the explanation in the previous paragraph regarding
the coprime graph of quaternion group, Nurhabibah and colleagues have obtained the coprime graph
form from the quaternion group [5]. Therefore, we continue our research by focusing on the topological
indices of coprime graphs of quaternion groups and how they can help in understanding deeper
mathematical structures as explained by Theorem 2. To explore further, we have read several studies
that discuss topological indices in various graphs, particularly in the coprime graphs of quaternion
groups. We observe that this specific case has not been previously researched in the context of this
article.

By examining the topological indices of coprime graphs of quaternion groups, we aim to uncover
deeper mathematical structures for the topological indices of the Generalized Quaternion group with
specific order.

Materials and methods

In this research, we used the literature study method. We looks for references related to general
guaternion groups and their graphs, as well as theorems related to the Sombor index. Literature comes
from national journals, theses and other references. We then reads and understands the literature
obtained, noting important points such as definitions, theorems, equations, and other relevant
information. We analyzes elements of each order of n values, including graph shape, vertex degrees in
existing graphs, and calculates the Sombor index for several n values. We also analyzes the general
form of the graph obtained. Based on these stages, the general form for each Sombor index is
determined using proof. Finally, we draws up conclusions from the research results.

Results and discussion

This research discusses the Sombor Index, the Reduced Sombor Index, and the Average
Sombor Index of coprime graphs of the generalized quaternion group. Below are definitions of the
generalized quaternion group and the coprime graph.

Definition 1 [5]

The generalized quaternion group (Q,,) with n > 2 is a group of order 4n formed by elements a, b
which are denoted by

(a,b|a® =e,b* =e,bab™t =a™?).
Definition 2 [8]

Let G be a finite group. The coprime graph of the group G, denoted by I, is a graph with vertices
consisting of all elements G, where two distinct vertices x and y are adjacent if and only if gcd (x|, |y]) =
1.

Definition 3 [4]

The degree of a graph is the number of edges that are incident to the vertex. It is denotated as deg(a)
for a any vertex.

In this research, the general form of each type of Sombor index will be determined, among
others the average of the Sombor index and the reduced Sombor index of the generalized group
number four.In this research, the discussion focuses on the sombor index, avarage sombor index and
reduced sombor index on coprime graphs of the generalized quaternion group with n = 2k,

Theorem 1 [9]

Let Q,, be a generalized quaternion group. If n = 2* then the coprime graph of Q,, is a complete
bipartite graph.
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It is worth noting that the complete bipartite graph mentioned in Theorem 1 above is indeed the
star graph Kj 4,-1[9].

Definition 3 [10]

Let G be a simple connected graph with V(G) being the set of vertices, and E(G) being the set of edges.
The Sombor index (SO(G)), the reduced Sombor index S0,.4(G), the average Sombor index (S04 (G))
of graph G are defined as follows:

S0(G) = Z Jdeg (W)? + deg (v)?

{uv}eE(G)
SOrea(@) = ) (deglu) = D? + (deg(v) — 1)?
{uv}eE(G)
2m\ 2m\2
$0qyy(G) = Z \/(deg(u) — 7m) + (deg(v) — 7m)
{uv}eE(G)

where deg(u) is the degree of vertex u, and m is the number of edges and n the number of vertices.
Example 1

Suppose n = 2', then we have Iy, , = {a,a? a?e,b,ab,a’b,a*b}

Table 1: Neighborhood table in I, , .

Elements a a? 3 e b ab a’b a®b
Orders 4 2

Q

N
[
S
S
S
S

Based on Theorem 1, the graph I, is a complete bipartite graph, more specifically a star graph. As
a result, the degree of vertex e is 7 which is obtained with the generalization 4n — 1 and the degrees of
the other vertices are 1. So, the sombor SO(G) index from I, , is calculated as follows.

SO(I"QB) = z \/deg (u)? + deg (v)?
{uv}eE(G)
= \/deg (€)% + deg (a)? + \/deg (e)? + deg (a?)?
+\/deg ()% + deg (a3)? + /deg (e)? + deg (b)?
+/deg (e)? + deg (ab)? + /deg (e)? + deg (a2h)?
+/deg (e)? + deg (a3h)?
= (dn—-1)(7)* +(1)?
= (D V(@)?*+(1)?
=(NG)V2
50(I,,) = 35V2.

The Sombor index of the coprime graph of the generalized quaternion group SO(I"Q8 ) = 3542

The reduced Sombor index S0,..4(G) from I, , is calculated as follows.

SOrea(lp) = . /(degl) = 1 + (deg(@) — 1?
{u,v}eE(ry,)
=@Un-1)J7-1*+1-1)2
(7 (6)*+0
736
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SOT‘ed([‘Qg) = 42.

The reduced Sombor index of the coprime graph of the generalized quaternion group SOred(ng) =
42

$SOung(l0) = ] (tee 2+ (aegr - 22)

{uv}eE(ry,)

2 2
(4n —1) ((471 -1) - 2@n-1) 1)> + (1 _2Un-1) 1))

4n 4n

7\[(n(4n—1)4—nz(4n—1))2 + (n—zitln—n)z
=75+ ()

SOavg(To,) = 74/27,25.

The average Sombor index of the coprime graph of the generalized quaternion group
S04g(Io,)=7+/27,25

Based on the examples above, the calculation of the Sombor index and its generalization can be
formulated into general formulas in the following theorems.

Theorem 2 Let Q,, be a group of integers modulo n, with n = 2* for prime numbers p and natural
number k. Then, the Sombor index given by SO(Iy, ) = (4n —1) V16n? — 8n + 2

Proof :

Since the graph is a star graph with center e, its degree is deg (¢) = 4n —1 and deg (x) = 1 for all x €
V(G),x+e

S0(p,) = ). /deg (@) + deg (v)?

(wv}eE(rz,)

= J@n—1D2+ D2+ +/(n - 1)? + (1)
=@n—-1),/((4n- D2+ (1)"2)

= (4n—1)J16n2 —8n+1+1

S0(Iy,,) = (4n— 1)y/16n? — 8n + 2 n

Theorem 3 Let Q,,, be a group of integers modulo n, with n = 2* for prime numbers p and natural
number k. Then, the reduced Sombor index given by S0,.4(ly,,) = (4n — 1) V16n? — 16n + 4

Proof:

Since the graph is a star graph with a center e, its degree is deg (¢) = 4n —1and deg (x) =
1forallx € V(G),x # e,

SOrea(loy,) = ). /(degQw) — D? + (deg(®) — 2

{uv}eE(ry,)
=@n—-DJ/((4n-1) -1+ (1 - 1)2
=M4n—-1)/(@n-2)24+0
50req(I,,) = (4n— 1)y/16n2 — 16n + 4 [
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Theorem 4 Let Q,,, be a group of integers modulo n, with n = 2* for prime numbers p and natural

number k. Then, the average Sombor index is given by SOa,,g(FQ4n) =(4n—-1) /(3zzl—;fzn+s)

Proof:

Since the graph is a star graph with a center e, its degree is deg (e) = 4n — 1 and deg (x) = 1 for all
x€ V(G),x*e

2 2

SOuvg(Tou) = ). J (degt ‘27m) +(deg(®) _sz)
{wv}€E(ry,)

2
- [(on- 220 (o202

(4n — 1) [(#1= 8n+2)2 (4n 8n+2)2

an

4n

(4n — 1)\[

(4n 1)\/ 162 —8n+1 162—16n+4)

4—n+1 4n+2)2

16n2 16n?

SOavg (I,r,) = (4n— 1) (w) .

16n?

Conclusion

Based on the above discussion, the general formula for the Sombor index and its

generalization for the generalized quaternions groups with n = 2% has been obtained as follows. The
Sombor index is given by S0(Iy,, ) = (4n — 1) V16n? — 8n + 2, the reduced Sombor index given by
SOyea(ly,,) = (4n — 1) V16n2 —16n + 4, and the average Sombor index given by S0u,4(Ip,,) =

(4n — 1) |(2Z2imes),
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