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Abstract

Graph is a concept in mathematics used to visualize the relationship between one object and another.
In mathematics the group is an abstract object, so with graph we can visualize the group, by analyzing
the relationship between each member in the group. In this study, we used GCD graph to represent the
integers modulo group. The GCD graph on the group is defined as follows: two distinct vertices x and
y in G are adjacent if and only if (|]x — y|,n) = d where d is a member of the set of factors of n. The
author presents the results of this study, which include the structure of the group of integers using the
GCD graph and several topological indices such as polynom sombor, ABC, and forgotten index.
Whenever the order of the group is prime power.
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Introduction

In mathematics, graph theory is an interesting branch to explore, because studying and analyzing
the resulting graph shapes can help solve various problems. Graphs are used to visualize abstract
objects, such as group [6]. As for the definition of a group, a group is a non-empty set that satisfies the
closed, associative, identity and inverse properties. In this study the group used is the group of integers
modulo n which is denoted by Z, [11]. There are many examples of graph representations on groups
that have been researched, such as power graph representations on the group of integers modulo n
and the dihedral group [3]. The GCD representation of a graph on the group of integers modulo n is
defined as a graph whose vertices are all members of the group, where two different members x and y
of the group are neighboring if and only if (|x — y|,n) = d, where n is a prime power, is the graph defined
only for n = p* and d is a member of the set of all factors of n denoted by D,, = {p°,p*,p?, ..., p*} [10].

In chemistry, the graph representation of the group can be used to determine several topological
indexes based on degree of the vertices, which can be utilized to assist in understanding the chemical
bonding and electronic properties of a compound, the physical characteristics of chemical compounds,
chemical reactivity, and biological activity. Currently there are several indexes being studied, namely
polynom, Atom-Bond-Conectivity (ABC), and Forgotten [1] [4] [5]. The connection between graphs and
molecular structure in chemistry is a clear example of how mathematical concepts can be applied to
solve real problems in science.

Materials and methods
Is discussed in this reseach the representation of the GCD graph on the group. The following are some
definitions and theorems used:

Definitation 1 [10] GCD Graph in group G is defined as a graph whose vertices are the set of all
members in group G denoted by I, and two vertices x and y are neighbors if and only if (Jx — y|,n) =
d, where d is factor of n.

The d is one of all factors of n, to make it easier to write it down, we define the set of all factors
of n.
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Definitation 2 [10] GCD graph on group G (Z,). the set of all factors of n, where n is a prime power
(n = p*), notated as Dk = {p°,p*,p?, ..,p" 7", p"}.

Integers modulo n is the set of integers divided into multiple groups based on the remainder of
the quotient when divided by n. This set is often called (Z,,).

Defination 3 [8] Group G is called integer group modulo n, with its members being positive integers with
addition operation modulo n. Denoted by Z,, = {0,1,2, ...,n —1}.

Definition 4 [2] Suppose I} is a graph where V(Iy) is a set of vertex a € V(I;). The number of edges
connecting neighbor a with the other vertex, denoted by deg(a).

In this research we will look at several topological indices, including Polynom sombor indices,
Atom-Bond-Conectivity (ABC) index, and Forgoten index. The following is the definition.

Definition 5 [3] Given [; a simple connected graph with V(I};) is the set of vertices, and E(I;) is the
set of edges, the Sombor Polynom is defined

So(Tg;x) = ! xdeg(0)? +deg(y)?

vy Shtre) v deg(0)? + deg(y)?

Definition 6 [1] Given I; a simple connected graph with V(I}) is the set of vertices, and E(T;) is the
set of edges, the Atom-Bond-Connectivity (ABC) index is defined

) deg(x) + deg(y) —2
ABC(Ig) = . E(FG)\/ deg(x) deg(y)

Definition 7 [4] Given [; a simple connected graph with VV(Ty) is the set of vertices, and E(I;) is the
set of edges, the Forgotten index is defined

FT) = ) deg(x)” + deg(y)’
xy € E(Tg)

This research is carried out starting with several stages of research starting with a literature study
where researchers search for and analyze references related to gcd graphs, groups, graph
representations in groups and index topology. After getting some important points from the references
used, it is used to get how the representation of the gcd graph in the group of integers modulo n with
n prime power. then by knowing the form of the gcd graph in the group, the degree of each vertex is
obtained which is used to find several topological indexes.

Results and discussion

To make it clearer, let's see an example of gcd graph on the group of integers modulo n, with n
is a prime powers.
Example 1. In the group Z, = {0,1,2,3} and D, = {1, 2,4}.

Table 1: Order of the element in Z,
Element Z, 0 1 2 3
Orde 1 4 2 4

To determine the neighborhood of vertices in the GCD graph of Z,, based on the Definition 1
the GCD of the order of the difference of two vertices with n is calculated. In other words (|x — y|,n) =
d.

Table 2: The neighborhood in the GCD graph of Z,
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Zy 0 1 2 3
0 - (1,4 =1 (2,4) =2 3B,4)=1
1 (1,4 =1 - (1,4 =1 (2,4)=2
2 (2,4) =2 1,4 =1 - (1,4) =1
3 3,4 =1 (2,4)=2 (1,4 =1 -
From the above neighboring table, we get the GCD of the graph in group Z, as follows:
1
2 0
3

Figure 1. GCD graph in Z,
Find the indexes of the polynom sombor, ABC, and forggoten of Z,.Based on Definition 5,6,and
7 we get the formula to find the indices as follows:

Polynom sombor :
1

SO(FZ -x) = xdeg()?+deg(y)?
4’
vy 5y, V/deg(0)? + deg(¥)?
=C} 1 xdeg(0)?+deg(y)?
Jdeg(x)? + deg(y)?
_4¢4-1) L
2 2(4 —1)2
12 1
il x18
2 V18
12 1
-_° x18
2 32

50(1"24;x) =/2x18

Atom-Bond-Connectivity (ABC):

deg(x) + deg(y) —2
0Tt deB®) deg()

=D+ m-1)-2
=G (n—1)?

_44-1) | 3+1
2 (3-1)2

12 4
~ 2.9
122
~23
ABC (Iy,) = 4
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Forgotten:

F(FZ4) = Z deg(x)? + deg(y)?

xy € E(I'z,)
= C; deg(x)* + deg(y)*
4(4-1) ,
== 2¢-1%
12
=5 2(3)»
=6(2(3))

F(Iz,) = 12(3)?

From the above example determining the order of n is crucial. This allows us to generalize and
find the order of the group of integers modulo n, where n is a prime power. The order of n is then used
to determine the form of the GCD graph of the group Z,, resulting in the following outcomes.

Table 3: The order in Z,
Zpk 0 1 p p+1 p<t pFl+1 . pFly(p-1)
Orde 1 p¥ p p¥* p" p¥ p¥

By utilizing the generalized order table above, we determine the form of the GCD graph on the
group of integers as outlined in Theorem 1 below.

Theorem 1. Given a group Lk with the operation Fmod(pk): for k € N, where p prime. Then the GCD
graph of the group Lk is the complete graph Kk

Proof. If D« = (% p",p?, ..., 0", p*}, for k € N, with p prime. From Table 3 we find that p||x|, Vx € Z«,
means |x| =p',0<1<k. Since x—y €Zy, then p'|lx—y|lx—y| = p” with 0 < r < k. Thus
(lx=yln)= @"p*) =d,d € Dp.

By recognizing the gcd representation of the graph in the group of integers modulo, we will easily
determine the degree of each vertex in the group. Based on this definition, the index value is calculated

Theorem 2. If given an integer group modulo n (Z,«) with operation + where n is a prime power,

mod(p¥)*
then SO((Iz,;x)) = nTﬁxz("'l)z

Proof. Based on Theorem 1, we conclude that deg(x) = n — 1 for all x € V(I'). Since the graph L(T’; x)
is a complete graph, all its vertices are connected. In other words, the number of vertex pairs to be
summed is equal to C7'.

So (L(Iy,x)) =

1

xy B, \/deg(x)Z + deg(y)?

n 1 xdeg(0)? +deg(y)?

“ JaeG) + des0r)
_nn-1) 1
BT
_n(n—1) 1
-2 (n—1)V2

1
NG

nv2
) =%

xdeg()?+deg(y)?

xz(n—1)2

xz(n—1)2

n 2
- _. xz(n—l)
2

So (L(ani x) x2(-1?
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Theorem 3. If given an integer group modulo n (Zpk) with operation Fmod@k)- with n is a prime power,
then ABC (I3,) = 2\/271 —4
Proof. For the same reason as in the proof of Theorem 2, we conclude that

~ deg(x) + deg(y) — 2
ABC (Iz,) = Z(: )\/ deg(x) deg(y)
xy €EE(I'z,

m-1D+n-3
(n—-1)2

_n(n—-1) | 2n—4
2 (n—1)2
_n(n—l) v2n—4
2 n—1

ABC (Iy,) = g V2n—4

=Cr

Theorem 4. If given an integer group modulo n (Z,x) with operation +
then F(Iz,) = n(n — 1)?
Proof. For the same reason as in the proof of Theorem 2, we can conclude that

F)= ). deg()? +deg(y)?

mod(pky- Where n is a prime power,

xy € E(I'zy,)
= (n-1D*+(n-1?
nn—1) 5
=——— Qn-1?

F(Iy,) = n(n —1)°

Conclusion

Based on the conducted research, it has been found that the GCD representation of graphs in integer
groups, with addition operation modulo n where n is a prime number, results in a complete graph.
Furthermore, the research has yielded results for several topological indices: the Polynom Sombor

n

So ((anix)) = "T‘/E x2=D* the Atom-Bond-Connectivity (ABC) ABC (I,) = ~V2n—4, and the
Forgoten F(I7,) = n(n — 1)3.
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