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Abstract 

Graph theory plays an important role in the study of algebraic structures through graphical 

representations, one of which is the power graph of a group. In this paper, we investigate degree-based 

topological indices, namely the Albertson index and the forgotten index, on the power graph of the 

dihedral group 𝐷2𝑛. The power graph is constructed by connecting two distinct elements of 𝐷2𝑛 

whenever one is a power of the other. By utilizing the structural properties of rotations and reflections 

in dihedral groups, we determine the relevant graph characteristics, including the degree of each vertex. 

Furthermore, general formulas for the Albertson index and the forgotten index of the power graph of 

𝐷2𝑛 are derived. The results reveal the relationship between the algebraic properties of dihedral groups 

and degree-based graph invariants, and are expected to contribute to the study of topological indices 

on graphs associated with algebraic structures. 
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Introduction 

Graph theory is a branch of mathematics that studies relationships between vertices and edges in 

graphs. Many studies on graphs focus on their representations in various fields, one of which is 

algebraic structures such as groups. These groups can be represented by different types of graphs, 

including coprime graphs, non-prime graphs, power graphs, and intersection graphs [1]. A graph is said 

to be complete if every vertex in the graph is adjacent to all other vertices [2]. This study investigates 

graph representations arising from algebraic structures, particularly dihedral groups, specifically 

focusing on dihedral groups. A dihedral group is a group consisting of a set of elements that includes 

rotation elements {𝑎} and reflection elements {𝑏} of a regular polygon with 𝑛 sides [3]. 

 Dihedral groups can be represented by several types of graphs, such as coprime graphs, non-

coprime graphs, power graphs, and unit graphs. In particular, this research focuses on power graphs. 

Previous research in [4] studied the power graph of the integer modulo group, where the graph 

represents the algebraic relationship between two elements of a group. Meanwhile, using the same 

type of graph, the study in [5] investigated the dihedral group and showed that its power graph is 

connected, consisting of a complete subgraph and a star subgraph. 

In graph theory, there is a concept called topological indices. A topological index is a numerical 

value that represents the structural properties and connectivity of a graph [6]. Topological indices are 

used to numerically represent chemical structures and to predict chemical properties, molecular 

physical structures, and chemical reactions [7, 8]. This study focuses on investigating the topological 

indices of graphs, specifically the Forgotten index and the Albertson index, derived from the power 

graph representation of the dihedral group. The research in [9] an index is defined based on a degree-

based graph invariant that did not attract attention in the mathematical chemistry literature for more 
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than 40 years. Therefore, this index is called the Forgotten topological index. The study in [10] computed 

the Forgotten index of the sub-division-related generalized F-sum graphs based on strong product. The 

Albertson index was first introduced by Albertson in his paper using the concept of the imbalance of the 

edge from graph [11]. The study in [12] develops the Albertson index into the modified Albertson index. 

This study presents general formulas for the Albertson index and Forgotten index of the power 

graph of dihedral groups 𝐷2𝑛 where 𝑛 is prime power. 

 

 

Preliminaries 

This study is conducted using a theoretical approach based on literature review and mathematical 

derivation. The research begins with a literature review, followed by deriving the general formula for the 

Forgotten index and the Albertson index of power graph on dihedral group, generalized for several 

cases of 𝑛. Subsequently, a conjecture is formulated, and the conjecture is proven. If the conjecture is 

validated, it is then established as a theorem. 

 The dihedral group is the group of symmetries of a regular polygon with 𝑛 sides, consisting of 

rotation elements {𝑎} and reflection elements {𝑏}. 

 

Definition 1. [3] The group representation of the dihedral groups is expressed as: 

 

𝐷2𝑛 = {〈𝑎, 𝑏〉|𝑎
𝑛 = 𝑏2 = 𝑒, 𝑎−1 = 𝑏𝑎𝑏−1} , 𝑛 ∈ ℕ, 𝑛 ≠ 1, 2. 

 

The power graph of a group is defined as a graph whose vertices consist of all the elements of 

the group, and two distinct vertices are adjacent if one element is a power of the other. 

 

Definition 2. [3] Suppose 𝐺 is a group. The set of vertices 𝑉(𝐺) is equal to 𝐺 and two distinct vertices, 

𝑎, 𝑏 ∈ 𝐺 are neighbors if and only if 𝑎 = 𝑏𝑥 or 𝑎𝑦 = 𝑏, for some 𝑥, 𝑦 ∈ ℕ. 

 

The power graph of dihedral group is stated as follows: 

 

Theorem 1. [5] Let 𝐷2𝑛 a dihedral group. If 𝑛 = 𝑝𝑘, where 𝑝 is prime numbers and 𝑘 ∈ ℕ, the power 

graph of 𝐷2𝑛 consists of two non-disjoint subgraphs, namely a complete subgraph and a star subgraph. 

 

 Here are some examples of the power graph representations of the dihedral group with the 

order of powers of primes. 

 

Example 1. Given that the group 𝐷2.3 = {𝑒, 𝑎, 𝑎
2, 𝑏, 𝑎𝑏, 𝑎2𝑏}. 

 

Table 1: The neighbourhood table of 𝐷6 

 

Elements of 

𝑫𝟔 

𝒆 𝒂 𝒂𝟐 𝒃 𝒂𝒃 𝒂𝟐𝒃 

𝒆 - 𝑒 = 𝑎3 𝑒 = (𝑎2)3 𝑒 = 𝑏2 𝑒 = (𝑎𝑏)2 𝑒 = (𝑎2𝑏)2 

𝒂 𝑒 = 𝑎3 - 𝑎 = (𝑎2)2 - - - 

𝒂𝟐 𝑒 = (𝑎2)3 𝑎 = (𝑎2)2 - - - - 

𝒃 𝑒 = 𝑏2 - - - - - 

𝒂𝒃 𝑒 = (𝑎𝑏)2 - - - - - 

𝒂𝟐𝒃 𝑒 = (𝑎2𝑏)2 - - - - - 



Proceedings Science and Mathematics 
 

 3 

 

 
 

Figure 1 Power graph of the dihedral group 𝐷6 

 

A fundamental concept in graph theory is the degree of a vertex, which describes the number 

of edges incident to a vertex. 

 

Definition 3. [4] Let Γ be a graph, where 𝑉(Γ) represents the set of vertices. The degree of 𝑣𝑖 ∈ 𝑉(Γ) 

is defined as the number of edges connected to 𝑣𝑖, denoted by 𝑑𝑣𝑖. 

 

 The degree of each vertex of the power graph of the dihedral group is given in the following 

theorem. 

 

Theorem 2 [5] The degree of each vertex of the power graph of the dihedral groups 𝐷2𝑛 as follows: 

 

i)  𝑑𝑒 = 2𝑛 − 1, 

ii)  𝑑𝑎𝑖 = 𝑛 − 1, for all 𝑖 ∈ ℤ, 1 ≤ 𝑖 ≤ 𝑛 − 1, 

iii)  𝑑𝑎𝑗𝑏 = 1, for all 𝑗 ∈ ℤ, 0 ≤ 𝑗 ≤ 𝑛 − 1. 

 

The forgotten index and the Albertson index of graph are defined as follows: 

 

Definition 4. [9] Let Γ be a graph, with 𝑉(Γ) = {𝑣1, 𝑣2, … , 𝑣𝑛} is the vertex set of the graph Γ, then 

Forgotten index of a Γ, denoted as 𝐹(Γ) is defined as follows: 

 

𝐹(Γ) = ∑ 𝑑𝑣𝑖
3 .

𝑣𝑖∈𝑉(Γ)

 

 

Definition 5. [9] Let Γ be a graph, with 𝑉(Γ) = {𝑣1, 𝑣2, … , 𝑣𝑛} is the vertex set and 𝐸(Γ) =

{𝑢1𝑣1, 𝑢2𝑣2, … , 𝑢𝑛𝑣𝑛} is the edge set of graph Γ, then the Albertson index of a Γ, denoted as 𝐴(Γ) is 

defined as follows: 

 

𝐴(Γ) = ∑ |𝑑𝑢 − 𝑑𝑣|

𝑢𝑣∈𝐸(Γ)

. 

 

 

Results and discussion 

In this section, we derive the forgotten index and the Albertson index of the power graph on dihedral 

group with order 𝑝𝑘, 𝑝 prime numbers, 𝑘 ∈ ℕ. 

 

 Based on the Theorem 1, general formulas related to the Albertson index and the forgotten index 

are derived, as presented in Theorem 3 and Theorem 4 in the following. 
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Theorem 3. Let Γ be a power graph of dihedral group 𝐷2𝑛 with 𝑛 = 𝑝𝑘, where 𝑝 is a prime number and 

𝑘 ∈ ℕ, then the forgotten index of Γ𝐷
2𝑝𝑘

 is 

𝐹 (Γ𝐷
2𝑝𝑘
) = 𝑝4𝑘 + 4𝑝3𝑘 − 6𝑝2𝑘 + 3𝑝𝑘 . 

 

Proof.  

𝐹 (Γ𝐷
2𝑝𝑘
) = ∑ 𝑑𝑣𝑖

3

𝑣𝑖∈𝑉(Γ)

 

= 𝑑𝑒
3 + 𝑑𝑎

3 + 𝑑𝑎2
3 +⋯+ 𝑑

𝑎𝑝
𝑘−1

3

⏟              
𝑝𝑘−1

+ 𝑑𝑏
3 + 𝑑𝑎𝑏

3 + 𝑑𝑎2𝑏
3 +⋯+ 𝑑

𝑎𝑝
𝑘−1𝑏

3

⏟                    
𝑝𝑘

 

 

Based on Theorem 2, 

 

𝐹 (Γ𝐷
2𝑝𝑘
) = (2𝑝𝑘 − 1)

3
+ (𝑝𝑘 − 1)

3
+ (𝑝𝑘 − 1) +⋯+ (𝑝𝑘 − 1)⏟                        

𝑝𝑘−1

+ 13 + 13 + 13 +⋯+ 13⏟              
𝑝𝑘

 

= (2𝑝𝑘 − 1)
3
+ (𝑝𝑘 − 1)(𝑝𝑘 − 1)

3
+ 𝑝𝑘  

= (8𝑝3𝑘 − 12𝑝2𝑘 + 6𝑝𝑘 − 1) + (𝑝4𝑘 − 4𝑝3𝑘 + 6𝑝2𝑘 − 4𝑝𝑘 + 1) + 𝑝𝑘  

= 𝑝4𝑘 + 4𝑝3𝑘 − 6𝑝2𝑘 + 3𝑝𝑘 . 

 

Theorem 4. Let Γ be a power graph of dihedral group 𝐷2𝑛 with 𝑛 = 𝑝𝑘, where 𝑝 is a prime number and 

𝑘 ∈ ℕ, then the Albertson index of Γ𝐷
2𝑝𝑘

 is 

 

𝐴 (Γ𝐷
2𝑝𝑘
) = 3𝑝𝑘(𝑝𝑘 − 1). 

 

Proof. Based on Theorem 1. The graph of Γ𝐷
2𝑝𝑘

 is partitioned into two types as follows: 

i) Complete subgraph, with vertex is 𝑉1 (Γ𝐷
2𝑝𝑘
) = {𝑒, 𝑎, 𝑎2, … , 𝑎𝑝

𝑘−1} in which every vertex is 

adjacent. 

ii)  Star subgraph, with vertex set is partitioned into 𝑉2 (Γ𝐷
2𝑝𝑘
) = {𝑒} and 𝑉3 (Γ𝐷

2𝑝𝑘
) =

{𝑏, 𝑎𝑏, 𝑎2𝑏,… , 𝑎𝑝
𝑘−1𝑏} in which each vertex in 𝑉3 (Γ𝐷

2𝑝𝑘
) is adjacent only to vertices in 

𝑉2 (Γ𝐷
2𝑝𝑘
). 

 

Based on the adjacency of vertices in Γ𝐷
2𝑝𝑘

, the Albertson index of Γ𝐷
2𝑝𝑘

 is 

𝐴 (Γ𝐷
2𝑝𝑘
) = ∑ |𝑑𝑢 − 𝑑𝑣|

𝑢𝑣∈𝐸(Γ)

 

= ∑ |𝑑𝑒 − 𝑑𝑎𝑖|

𝑒𝑎𝑖∈𝐸(Γ)

+ ∑ |𝑑𝑎𝑗 − 𝑑𝑎𝑖|

𝑎𝑗𝑎𝑖𝑏∈𝐸(Γ)

+ ∑ |𝑑𝑒 − 𝑑𝑎𝑖𝑏|

𝑒𝑎𝑖𝑏∈𝐸(Γ)

. 

 

Based on Theorem 2, 

 

𝐴 (Γ𝐷
2𝑝𝑘
) = |(2𝑝𝑘 − 1) − (𝑝𝑘 − 1)| + ⋯+ |(2𝑝𝑘 − 1) − (𝑝𝑘 − 1)|⏟                                    

𝑛−1
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= + |(𝑝𝑘 − 1) − (𝑝𝑘 − 1)| + ⋯+ |(𝑝𝑘 − 1) − (𝑝𝑘 − 1)|⏟                                  
𝑝2𝑘−3𝑝𝑘+2

2

+ |(2𝑝𝑘 − 1) − 1| + ⋯+ |(2𝑝𝑘 − 1) − 1|⏟                          
𝑝𝑘

 

= (𝑝𝑘 − 1)(𝑝𝑘) + (
𝑝2𝑘 − 3𝑝𝑘 + 2

2
)0 + 𝑝𝑘(2𝑝𝑘 − 2) 

= 𝑝2𝑘 − 𝑝𝑘 + 2𝑝2𝑘 − 2𝑝𝑘 

= 3𝑝2𝑘 − 3𝑝𝑘 

= 3𝑝𝑘(𝑝𝑘 − 1). 

 

 

Conclusion 

This paper investigates the forgotten index and the Albertson index of the power graph associated with 

dihedral groups whose parameter is a prime power. By analyzing the structural properties of the power 

graph, which consists of a complete subgraph formed by rotation elements and a star subgraph formed 

by reflection elements, the vertex degrees of the graph can be determined systematically. Based on 

these structural characteristics, general formulas for the forgotten index and the Albertson index are 

obtained. The results show that the group parameter expressed as a prime power plays an important 

role in determining the degree distribution and consequently influences the values of these degree-

based topological indices. These findings contribute to the study of topological indices on graphs 

derived from algebraic structures and provide a foundation for further investigations of other graph 

invariants on power graphs of finite groups. 
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