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Abstract

Topological indices are graph invariants that are widely used to represent the structural characteristics
of graphs through relationships among vertices, such as vertex degrees and adjacency. These indices
play an important role in measuring structural complexity and comparing different graph structures. This
study focuses on the analysis of topological indices that depend on the structural properties of graphs.
Then, the discussion is then applied to graphs constructed from algebraic structures, namely power
graphs of modular integer groups. A power graph is defined based on the power relation among
elements of a modular group, so that the resulting graph structure reflects the underlying algebraic
properties of the group. This study contributes the development of topological index theory for graphs
arising from algebraic structures, particularly power graphs of modular integer groups.
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Introduction

Graph theory was first introduced by the mathematician Leonhard Euler in 1736. Graph theory is one
of the branches of mathematics that has developed rapidly and has wide applications in various fields,
such as computer science, chemistry, biology, and pure mathematics. Moreover, in the context of pure
mathematics, graphs are often used as a representational tool to describe the structure of a group [1].
The combination of graph theory and group theory has become one of the most important approaches
in pure mathematics.

In mathematics, there are various types of graphs that can be used to represent different group
structures, including inverse graphs, identity graphs, coprime graphs, non-coprime graphs, commuting
graphs, non-commuting graphs, and several other types of graphs [2]. These graphs are used to study
group properties through a graph-theoretic approach; therefore, graph theory and group theory are
frequently combined in many studies.

Graph theory can also be applied to represent various algebraic systems, such as groups, rings,
and modules [3]. Several studies have discussed graph representations in the context of groups, for
example, coprime and non-coprime graphs of dihedral groups, prime coprime graphs of the group of
integers modulo n, power graphs of dihedral groups, and coprime graphs of the group of integers
modulo n with prime power order [4,5,6].

One of the most widely studied graph representations is the power graph. A power graph is a
graph whose vertices represent all elements of a group, and two vertices are said to be adjacent if one
vertex can be expressed as a power of the other [6]. A further application of graph theory in mathematics
is in determining topological indices. Several researchers have investigated various topological indices,
including the harmonic index, Zagreb index, Gutman index, and Wiener index, of coprime graphs and
power graphs derived from groups of integers modulo n or dihedral groups [2].
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Although numerous studies have examined topological indices on various types of graphs
derived from algebraic structures, research on topological indices of power graphs of the group of
integers modulo n remains relatively limited. Therefore, this study aims to determine and analyze
several topological indices of power graphs of the group of integers modulo n and to investigate the
properties of the resulting graphs.

Definition 1 [7] The power graph of a group G is defined as a graph whose vertex set consists of all
elements of the group G, and two distinct vertices a and b are adjacentifand only if a* = borbY = a
for some positive integers x and y.

Definition 2 [8] The group G, called the group of integers modulo n, is a group consisting of the set of
all non-negative integers equipped with addition modulo n. It is denoted by Z,, = {0,1,2, ..., n — 1} with
the operation +,54(n)-

Definition 3 [9] The atom-bond connectivity (ABC) index of a graph, written as ABC(G), quantifies the
contributions of every connected vertex pair u and v, is formulated as:

~ deg(u) + deg(v) — 2
ABG(G) = P J deg(w)deg (v)

where deg(u) and deg (v) denoted the degrees of vertices u and v, respectively.

Definition 4 [10] The Nirmala index of a graph G, denoted as N(G) is determined by:

NG©) = Y Jdeg(w) + deg®)
UVEE(G)

where deg (1) and deg (v) are the degrees of adjacent vertices u and v.

Definition 5 [11] Let G be a graph. The Forgotten index of G denoted by F(G), is defined as:

F(G) = Z deg(v)?
vev(G)

Where deg (v) is the degree of vertex v, for all vertex in G.

Lemma 1 [12] Let Z,, be the group of integers modulo n equipped with the operation +,,,4(n). If n =

pk, where k € N and p is a prime number, then the power graph constructed from the group Z,
denoted by Iy, , is a complete graph K,.

Results and discussion
Theorem 1 Let [, be the power graph of the group of integers modulo n, where n = pk for some

k € N and p is a prime number. Then the ABC indeks of I3, is given by

ABC(Ty ) = ),
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Proof Based on Lemma 1, which states that [7; is a complete graph, the number of its edges is (721)

Sincen = pk, k € N and p is a prime number, this can be written as (pzk), or
k pk!
~ (pk—2)!2!
p*@* — D" - 2)!
(pk —2)!2!
A G
2

c;

Each vertex has degree pk — 1, Therefore, the ABC index of the power graph of the group of integers
modulo n is given by

~ deg(u) + deg(v) — 2
ABC(Ty, ) = eb%:r )\/ deg(w)deg(v)

pk! ](pk—1)+(pk—1)—2

TF -2l G -DeF-1)
_ pk(pk _ 1) Zpk —4
2 p?k —2pk +1

Theorem 2 Let an be the power graph of the group of integers modulo n, where n = pk for some
k € N and p is a prime number. Then, the Nirmala index of an is given by

2k

_ k
N(Tz, )= %\/Zpk - 2.

Proof Based on Lemma 1, which states that [;, m is a complete graph, the number of vertices is n

where n = p¥, k € N and p is a prime number. Each vertex has degree p* — 1, Therefore, the
Nirmala index of the power graph of the group of integers modulo n is given by

N(an)z Z \/deg(u)+deg(v)

uveE(Ty, )

p*!

=m\/(Pk—1)+(Pk—1)
2k _ .k

Sk A PSS )

Theorem 3 Let FZn be the power graph of the group of integers modulo n, where n = pk for some
k € N and p is a prime number. Then, the Forgotten index of FZn is given by

F(GTy, ) = p** — 3p3k + 3p?k — p~.
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Proof Based on Lemma 1, which states that I';  m is a complete graph, the number of vertices is n

where n = p¥*, k € N and p is a prime number. Each vertex has degree p* — 1, Therefore, the
Forgotten index of the power graph of the group of integers modulo n is given by

F(GFZn)z Z deg(v)3

‘UEV(FZn)
p k! N
k=D Pk 17
p*(p* - 1)!
"o Y

— pk(p3k _ 3p2k + 3pk _ 1)
— p4k _ 3p3k + 3p2k _ pk.

Conclusion

From the research results above, the ABC index, Nirmala index and forgotten index ABC(FZn) =

pF(p*-1) | 2pk—4 _ p*kp* _
. Ty N(Tz, ) = =——+/2p* =2, and F(GTy, ) = p** —3p>* + 3p** —p* are

obtained on the power graph in the modulo integer group for n = p", where p is a prime number.

Acknowledgement
The author would like to express his gratitude to Mr. Rio Satriyantara and Mr. | Gede Adhitya Wisnu
Wardhana for their valuable guidance, direction, and input in the process of compiling this article.

References

(1]
(2]

[3]

[4]

[5]
[6]
[7]

(8]
[9]

Luzianawati, L., & Satriyantara, R. 2025. Indeks Harary Graf Koprima dan Graf Pangkat pada
Grup Bilangan Bulat Modulo serta Grup Dihedral. Semeton Mathematics Journal, 2(2), 126-133.
Gayatri, M. R., Fadhilah, R., Lestari, S. T., Pratiwi, L. F., Abdurahim, A., & Wardhana, I. G. A. W.
2023. Topology index of the coprime graph for dihedral group of prime power order. Jurnal
Diferensial, 5(2), 126-134.

Malik, D. P., Husni, M. N., Miftahurrahman, M., Wardhana, I. G. A. W., & Semil, G. 2024. The
chemical topological graph associated with the nilpotent graph of a modulo ring of prime power
order. Journal of Fundamental Mathematics and Applications (JFMA), 7(1), 1-9.

Abdurahim, A., Pratiwi, L. F., Karang, G. Y., Wardhana, I. G. A. W., Irwansyah, |., Awanis, Z. Y.,
& Romdhini, M. U. 2024. Indeks Topologi Padmakar lvan dan Szeged pada Graf Koprima Prima
dari Grup Bilangan Bulat Modulo. Square: Journal of Mathematics and Mathematics
Education, 6(2), 139-149.

Asmarani, E. Y., Syarifudin, A. G., Wardhana, I. G. A. W., & Switrayni, N. W. 2021. The power
graph of a dihedral group. Eigen Mathematics Journal, 80-85.

Devandra, U. 2023. Indeks harary pada graf koprima pada grup bilangan bulat modulo berorde
pangkat prima. Fraktal: Jurnal Matematika dan Pendidikan Matematika, 4(1), 26-30.

Chelvam, T. T., & Sattanathan, M. 2018. Power graph of finite abelian groups. Algebra and
Discrete Mathematics, 16(1).

Godsil, C., & Royle, G. F. 2013. Algebraic graph theory. Springer Science & Business Media.
Das, K. C., Elumalai, S., & Gutman, I. 2017. On ABC index of graphs. MATCH Commun. Math.
Comput. Chem, 78, 459-468.

21

—
| —



Proceedings Science and Mathematics

[10] Kulli, V. R. 2021. Nirmala index. International Journal of Mathematics Trends and Technology-
IUMTT, 67.

[11] Gutman, I., Ghalavand, A., Dehghan-Zadeh, T., & Ashrafi, A. R. 2017. Graphs with smallest
forgotten index. Iranian Journal of Mathematical Chemistry, 8(3), 259-273.

[12] Putra, L. R. W., Awanis, Z. Y., Salwa, S., Aini, Q., & Wardhana, I. G. A. W. 2023. The power
graph representation for integer modulo group with power prime order. BAREKENG: Jurnal limu
Matematika dan Terapan, 17(3), 1393-1400.

22

—
| —



