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Abstract
The dihedral group is known to represent the rotations and reflections of regular polygons. In this paper,

the coefficients of the clique polynomial of the coprime graph of some dihedral groups are analysed.
The aim is to investigate the properties of the cliques of the coprime graph. The clique polynomial of
the coprime graph of some dihedral groups is also determined by calculating the number of cliques
according to their size. The results show that the total number of odd-sized cliques of the coprime graph
of dihedral groups is equal to the total number of even-sized cliques of the graph.
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Introduction
The coprime graph was introduced in 2014 and since then, researchers have shown interest in
investigating the theoretical properties of the coprime graph [1]. For instance, the graphical
representation of the coprime graph when associated to the dihedral group is determined specifically
for prime cases [2]. The dihedral group is a group that represents the rotations and reflections of regular
polygons [3].

Furthermore, researchers extended the study of the coprime graphs associated to the dihedral
groups by determining graph invariants such as the girth, radius and diameter [4]. Both the clique
numbers and chromatic numbers have also been determined for the coprime graph associated to
dihedral groups [5].

Meanwhile, the cliques of a graph are used to represent close relationships such as a group of
friends in a group of people [6]. The study of cliques is significant as it provides not only structural
insights, but also algorithmic properties of graphs [7]. Thus, the concept of clique polynomial is needed
to explain the distribution of cliques in the coprime graph of the dihedral groups.

Therefore, this paper aims to investigate the relationship between the odd-sized cliques and
even-sized cliques of the coprime graph of the dihedral groups. This property is called the odd-even
clique equality as it can be used to tell the structural balance within the coprime graph when associated
to the dihedral groups.

Preliminaries and methods

The research starts with the definitions of the coprime graph, dihedral groups, complete graph, clique
and clique polynomial which lead to several theorems for the coprime graph of dihedral groups. The
cligue polynomial of the coprime graph of some dihedral groups is determined. The coefficients are
later analyzed to prove the equality of the number of odd-sized and even-sized of cliques.
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Definition 1 [1] Coprime graph

Let G be a finite group and I“GCp denotes the coprime graph of G. If a pair of distinct vertices in P u
and v, where u,v € V(I;”), then the edges of I;* are formed for u and v, if and only if
ged (lul, [v]) =1.

Definition 2 [3] Dihedral Groups

The dihedral group D, is the group of rotations and reflections of a regular polygon. The order of the
group is 2n. The rotations are denoted by a and the reflections denoted by b. The group presentation
is,

D,, = {a,bla™ = b?> =e,b~'ab=a"'),n € N.

Definition 3 [8] Complete graph
Let I' be a graph. If every vertex in I' are adjacent to all other vertices in I', then I' is called a complete
graph.

Definition 4 [8] Clique

Let I' be a graph. A clique of I" is a subgraph of I' which is complete. Moreover, a clique in I is called
as a maximal clique if there is no other larger clique in I' that contains it. The size of a maximal clique
is also known as the cliqgue number, denoted as w(I").

Definition 5 [9] Clique polynomial
The clique polynomial of a graph I, is a polynomial denoted as

w(l)

C{l;x) = Z crxk,

k=0

where c;, represents the total number of cliques of size-k, and w(I") € N U 0 is the clique number of
graph I'.

Denote FDC; the coprime graph of the dihedral groups. In order to determine the clique polynomial
of I,,? | the value of the clique number of the coprime graph w(I},? ) is needed. Hence, Theorem 1
2n 2n

states the values of a)(FDC;;) for cases of powers of 2 and the odd cases.

Theorem 1 [5]
The cliqgue number of the coprime graph of the dihedral groups w(FDC;) is given by

w(I’DCZ’:l) =2m+ 2, n = 2k, n=pf1p§2 ...p,’:lm,pi * 2,

where p; are odd primes and m, k, k; are natural numbers, for 1 <i < m.

Results on odd-even clique property

In this section, the main result is obtained, followed by some propositions which support the result for
specific cases. Theorem 2 is shown to cover all cases for the clique number of the coprime graph of
dihedral groups.
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Theorem 2

Let I,? be the coprime graph of dihedral groups and w(I};? ) be its clique number. If n =
Zkﬂpi‘lpgz pfn’", where p; are odd primes and m, k, k; are non-negative integers, for 1 < i < m, then
w(F DCZ Z;) =m+ 2.

Proof. When n = 2kop¥1pkz _ pkm ihe elements of I;? can be partitioned into m + 2 subsets based
on the order of the elements. Let subsets consist elements of order 1, 2% for some [, € N, pil for some

l; € N until ’p,l,’l“ for some L, € N. Since the orders of elements from each subset are coprime to each

other, I,” is m + 2 partite, which implies w(I},” ) = m + 2. This covers the dihedral groups in general
since any natural number n can be written in the form of prime factorization, n = ZkOpflp;{Z ...p,]:lm.

Therefore, if n = 2Kopiips? . pkm then w(l“;zi) =m+2.

The following theorem establishes the main result of this paper, which is the equality between the total
number of odd-sized cliques and even-sized cliques in the coprime graph of dihedral groups.

Theorem 3
Let ;7 be the coprime graph of dihedral groups and @ = (I}, ) be the clique number of the coprime

graph of dihedral groups. The total number of odd-sized cliques of I“DC; is equal to the total number of

. . C
even-sized cliques of [} DZ’;.

w

1= ] =
G = Z Coj+1
0 j=0

where || is the floor function and ¢, is the number of size-k clique in I“DC; and k is a non-negative

w-1

j=

integer.

Proof. Based on Theorem 2, the clique number of the coprime graph of dihedral group w(I"DC;;) =m+
2 tells us that there exist a complete multipartite subgraph of FDC;; that is (m + 2)-partite. Since the
order of the identity of the dihedral group |{e}| is equal to 1, implies {e} is connected to all the other
vertices in FDCzi' Thus, the maximal clique of I"DCZ’; must involve {e}.

For cliques of other sizes, the cliques of the same size can be classified into two types which are
cliques that include {e} and those that do not. A repetitive pattern can be analysed such that for any
size-k clique that do not include {e}, it can always be a size-(k + 1) clique when including {e}. By this
pattern, it can also be concluded that maximal cliques of FDC;; that do not involve {e} do not exist.

Hence, a recursive relationship can be established between the cliques that include {e} and those
that do not. Let ¢, denote the number of size-k cliques, cj, be the number of size-k cliques with {e} and
¢y, be the number of size-k cliques without {e}. Then

cx = cp +cp, Withc, = cf,q,andc§ = ¢, =0,for0 <k < w,

where  is clique number of the coprime graph of dihedral groups. Since w = w(I,” ) = m + 2, where

m is a non-negative integer, the alternating sum over all clique sizes of I"D;; is calculated as follows
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w
(=Dc =co—cr+ ez =3+ + = Cmy1 + Cmsz
k=0
= (c§ +co) = (cf +c1) +(c5 +c3) — (5 +c3) + -+ (e + em) — (Car + Cmar)
+ (cmaz + Cma2)
=(c§ +cf) —(cf +¢5) + (cF +c5) — (5 +c5) + -+ (e + Cman)
— (cme1 + cm2) + (Cpaz + Cy2)
=5 + Cmaz
=0.

Suppose the result for w = m + 2 is true, then for w = m + 3,

Z (—D¥c, = (Z (—1)k0k> — Cm+3
k=0 k=0

= (c§ + cmi2) — (€43 + Cimy3)
= (c§ + cms3) — (a3 + Ciy3)
= C; — Cm+3

= 0.

Thus, by induction method, the alternating sum is always equal to zero for any clique number of the
coprime graph of dihedral groups w(I};, ). Analyzing further when w(I;? ) is an odd number or an
even number, the result is generalized as

) w-1
1=] =
§ G2 = E C2j+1
j=0 j=0

where || is the floor function and ¢y, is the number of size-k clique in I“DCZ’; and k is a non-negative

integer.
The next four propositions are shown to support the odd-even clique equality property
mentioned in Theorem 3 as the clique polynomial of the coprime graph of dihedral groups will be

determined for some cases, which are when n = 2%, n = p*o, n = 2p and n = pq.

Proposition 4
Let FDC;; be the coprime graph of dihedral groups, for n = 2¥o, where ko € N. Then, the clique

polynomial of I;” satisfies the odd-even clique equality.

Proof. When n = 2ko, the elements in D,,, can be partitioned into two independent sets, V; = {e} and
V, = D,,\{e}. The all elements in V, have orders of 2! for some | € N, implies these elements cannot
form any edge in the coprime graph. Furthermore, as stated in Theorem 3, {e} is connected to all the
other vertices in I,” . Therefore, I;;” must be a complete bipartite graph and its clique polynomial is
C(F;ZI;; x) =1+ 2nx + (2n — 1)x2. By comparing the coefficients, ¢, + ¢; = ¢;.
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Proposition 5
Let FDCZ’; be the coprime graph of dihedral groups, for n = p*o, where p is an odd prime and k, € N.

Then, the clique polynomial of I"DC;; satisfies the odd-even clique equality.

Proof. When n = p*o, the elements in D,,, can be partitioned into three independent sets, V; = {e},
V, be the set of elements of order 2 and V5 be the set of elements of order p! for some [ € N. Similarly,
{e} connected to all the other vertices implies there are also 2n — 1 number of size-2 cliques.
However, there now exist size-2 cliques formed by the elements u € I/, and v € V5 since all
elements in V, are coprime to elements in V5. As both V, and V; are vertex disjoint sets, the cliques of
{u,v},Yu € V, and Yv € V; can be represented by the joint of graphs V, vV V5. Let n; = [(V, V V3)],
then based on Theorem 2, there exists also n, number of size-3 cliques by involving V/; = {e}. The size-
3 cliques are denoted by {e,u,v} € V; VV, V V3, where e € V;,Vu € V, and Vv € V3, which are also

all possible maximal cliques in I,” .
Therefore, I;,7 must be a complete tripartite graph and its clique polynomial is C(I;” ;x) = 1+

2nx + (2n — 1 + ny)x? + n,x3. By comparing the coefficients, ¢, + ¢, = ¢; + ¢5.

Proposition 6
Let I"DC;; be the coprime graph of dihedral groups, forn = 2p, where p is an odd prime. Then, the clique

polynomial of FDC; satisfies the odd-even clique equality.

Proof. When n = 2p, the elements in D,,, are partitioned into four independent sets instead of three,
such that V; = {e}, V, be the set of elements of order 2 and 4, V5 be the set of elements of order p and
V, be the set of elements of order 2p. Based on Theorem 2, the clique number should be equal to 3.
Based on Proposition 5, the cliques are listed accordingly as shown in Table 1 below.

Table 1: Number of cliques of I;;” up to size-3, when n = 2p

Clique size Cliques
0 {}
1 ViUV, uV3uV, =V(I,))
2 Vivip)u (v u (Vi vig) u (Vv )
3 (VL VvV, Vv s)

From table 1, itis clear that size-0 cliques ¢, = 1 and size-1 cliques ¢; = 2n. Meanwhile, |(V; V
V) U ViV UV V)| = VI \e}| = 2n— 1. Let |(Vo VV3)| = ny, then ¢; = 2n—1+
n,. Based on Theorem 3, |(V; V V, V V3)| = |(V,, V3)], then ¢ = n,. Therefore, the clique polynomial
is C(Ip) 5%) = 1+ 2nx + (2n — 1 +ny)x? + nyx®. By comparing the coefficients, ¢o +¢; = ¢1 +

C3.

Proposition 7
Let I“DC; be the coprime graph of dihedral groups, for n = pq, where p and q are distinct odd primes.

Then, the clique polynomial of ;" satisfies the odd-even clique equality.

Proof. When n = pgq, the elements in D,,, are partitioned into four independent sets instead of three,
such that V; = {e}, V, be the set of elements of order 2, V5 be the set of elements of order p, V, be the
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set of elements of order g and Vs be the set of elements of order pq. Similar to Proposition 6, the cliques
are then listed accordingly and shown in Table 2 below.

Table 2: Number of cliques of I’Dc;, when n = pq

Clique size Cliques

0 {3

1 ViUV, UV UV, uVs =V(ILD)

2 Vv u iy vV) UV v u (Vi vis)u (Vo VVa) U (Vv IVy)
SEUARAIAAA)

3 vV VI U W vV U WV, vs)u (Vv vy, u((V,
vVV3VV,)

4 VLV Vv V3V

The method of calculation is similar as shown in Proposition 5. Then, |(V; V) U ({V; VI3) U
Wavi)uWavig)|=2n—-1 and let [(VobvVV5)Uu (Vv ) U V,vVs)u (V3Vv V)| =n; and
|(V2 V V3 VV,)| = ny. Hence, the clique polynomial obtained is C(I,";x) = 1+ 2nx + (2n—1+

n3)x? + (n3 + ny)x3 + nyx*. By comparing the coefficients, ¢y + ¢, + ¢4 = ¢; + c3.

Conclusion

The odd-even clique equality property of the coprime graph of the dihedral groups is established,
regardless of the group order for D,,,. The clique polynomials are also determined for the coprime group
of specific cases of dihedral groups which include, when n = 2¥o,n = p*o,n = 2p and n = pq.
Overall, this clique property highlights the symmetry of clique distribution of the coprime graph
associated to dihedral groups.
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