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Abstract 

Spectral properties play a central role in the study of graphs, providing valuable insight into their 

structural characteristics. For a finite undirected graph Γ, the spectrum is defined as the set of 

eigenvalues of its adjacency matrix, while the Laplacian spectrum consists of the eigenvalues of its 

Laplacian matrix. A prime power order Cayley graph 𝐶𝑎𝑦𝑝𝑝(𝐺, 𝑆
(𝑝𝑖
𝑟)) is a graph associated with a finite 

group 𝐺, whose vertices correspond to the elements of 𝐺 and 𝑆(𝑝𝑖
𝑟) is the subset of 𝐺 consisting of 

non-identity elements with order 𝑝𝑖
𝑟. Two distinct vertices 𝑢 and 𝑣 are adjacent if and only if 𝑢𝑣−1 ∈

𝑆(𝑝𝑖
𝑟). In this paper, a general construction of such graphs associated with cyclic groups of order 𝑝𝑞, 

where 𝑝 and 𝑞 are distinct primes, is presented, and their spectrum and Laplacian spectrum are 

determined. 
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Introduction 

Spectral graph theory is a branch of mathematics that explores the structural properties of graphs 

associated with matrices, particularly the adjacency and Laplacian matrices. The spectral properties of 

these matrices, such as characteristic polynomials, eigenvalues, and eigenvectors, provide valuable 

insights into graph structures and have applications in various domains, including network analysis, 

computer science, physics, and chemistry. In particular, the multiset of eigenvalues of the adjacency 

and Laplacian matrices, together with their multiplicities, defines the spectrum and Laplacian spectrum 

of a graph. These spectral properties have also been widely studied for graphs associated with 

algebraic structures, including groups. 

 Cayley graphs are a classical class of graphs constructed from groups and are widely used to 

study algebraic properties of groups defined by a chosen generating set [1]. For a finite group 𝐺 and an 

inverse-closed subset 𝑆 ⊆ 𝐺 ∖ {𝑒}, the Cayley graph, denoted by 𝐶𝑎𝑦(𝐺, 𝑆) is a simple undirected 

graph with vertex set 𝐺, where two vertices 𝑔 and ℎ are adjacent if and only if 𝑔ℎ−1 ∈ 𝑆. In recent 

years, numerous studies have investigated new extensions and constructions of Cayley graphs on finite 

groups (see [2-4]). For instance, Tolue [5, 6] introduced the prime and composite order Cayley graphs, 

where the subset consists of all elements of prime and composite order, respectively, while Zulkarnain 

et al. [7] introduced the prime power Cayley graph based on the subset of all elements of prime power 

order. In 2024, Shanmuganathan [8] introduced the prime power order Cayley graph, defined on the 

subsets of elements with specific order. Furthermore, the spectral analysis of Cayley graphs has 

attracted considerable attention (see [9-11]). Ghorbani and Larki [12] investigated the spectrum of 
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Cayley graphs of certain groups of order 2𝑝𝑞 and 3𝑝𝑞. Afshari and Maghasedi [13] studied the 

eigenvalues of Cayley graphs of generalized dihedral groups. Recently, Árnadóttir and Godsil [14] 

explored the eigenvalues of integral normal Cayley graphs of finite groups of odd order.  

 In this paper, the prime power order Cayley graphs are constructed for cyclic groups of order 𝑝𝑞, 

where 𝑝 and 𝑞 are distinct primes. By analyzing the structure of these graphs, their spectrum and 

Laplacian spectrum are determined. 

 

 

Preliminaries 

In this section, some basic concepts, definitions and preliminary results used in this study are presented. 

 All graphs in this paper are assumed to be finite, simple, and undirected. The following notation 

and terminology for graphs are stated as in [15].  

 Let Γ be a graph with vertex set 𝑉(Γ) and edge set 𝐸(Γ). The number of vertices of Γ, called the 

order of Γ, is denoted by |𝑉(Γ)|. Two vertices 𝑢 and 𝑣 in Γ are said to be adjacent, denoted by 𝑢 ∼ 𝑣, 

if they are connected by an edge, and 𝑢 ≁ 𝑣 otherwise. A complete graph on 𝑛 vertices, denoted by 

𝐾𝑛, is a simple graph in which every pair of distinct vertices is joined by an edge. The disjoint union of 

two graphs Γ1 and Γ2, denoted by Γ1 ∪ Γ2, is the graph with vertex set 𝑉(Γ1) ∪ 𝑉(Γ2) and edge set 

𝐸(Γ1) ∪ 𝐸(Γ2). In general, 𝑚Γ denotes the disjoint union of 𝑚 copies of Γ. 

 In the following, some results on the spectrum and Laplacian spectrum of certain graphs relevant 

to this study are provided. 

 

Proposition 1 [16] The spectrum of the complete graph 𝐾𝑛 is 𝑆𝑝𝑒𝑐(𝐾𝑛) = {(𝑛 − 1)
1, (−1)𝑛−1}, and 

its Laplacian spectrum is 𝐿𝑠𝑝𝑒𝑐(𝐾𝑛) = {0
1,  𝑛𝑛−1}. 

 

Proposition 2 [16] Let Γ be a graph with connected components Γ𝑖 for 1 ≤ 𝑖 ≤ 𝑠. The spectrum of Γ is 

the union of the spectra of Γ𝑖, with multiplicities added. The same holds for the Laplacian spectrum. 

 

Proposition 3 [16] The multiplicity of 0 as a Laplacian eigenvalue of a graph Γ equals the number of 

connected components of Γ. 

 

 Next, the definition of the prime power order Cayley graph of a finite group 𝐺 with respect to the 

subset 𝑆(𝑝𝑖
𝑟) ⊆ 𝐺 ∖ {𝑒} consisting elements of order 𝑝𝑖

𝑟 is given. 

 

Definition 1  [8] Let 𝐺 be a group and |𝐺| = 𝑝1
𝛼1𝑝2

𝛼2 …𝑝𝑘
𝛼𝑘, where 𝑝𝑖 are primes and 𝛼𝑖 ∈ ℕ for 𝑖 =

1,2, … , 𝑘. Let 𝑆(𝑝𝑖
𝑟) = {𝑔 ∈ 𝐺: |𝑔| = 𝑝𝑖

𝑟} be an inverse-closed subset of 𝐺 for 𝑟 = 1,2, … , 𝛼𝑖. The prime 

power order Cayley graph, denoted by 𝐶𝑎𝑦𝑝𝑝(𝐺, 𝑆
(𝑝𝑖
𝑟)), is a graph with 𝑉 (𝐶𝑎𝑦𝑝𝑝(𝐺, 𝑆

(𝑝𝑖
𝑟))) = 𝐺, and 

two distinct vertices 𝑔 and ℎ are adjacent if and only if 𝑔ℎ−1 ∈ 𝑆(𝑝𝑖
𝑟). 

 

 

Results and discussion 

In this section, the general construction of the prime power order Cayley graph for a cyclic group 𝐺 of 

order 𝑝𝑞, where 𝑝 and 𝑞 are distinct primes, is presented. Then, the spectrum and Laplacian spectrum 

of these graphs are derived based on the general construction. 

 

 Let 𝐺 be a cyclic group of order 𝑝𝑞, generated by 𝑥, where 𝑝 and 𝑞 are distinct primes. By 

Definition 1, there are two subsets of 𝐺 consisting of elements of specific prime power order, 

 

(i) 𝑆(𝑝) = {𝑔 ∈ 𝐺: |𝑔| = 𝑝} = {𝑥𝑖𝑞: 1 ≤ 𝑖 ≤ 𝑝 − 1}, 



Proceedings Science and Mathematics 

 9 

(ii) 𝑆(𝑞) = {𝑔 ∈ 𝐺: |𝑔| = 𝑞} = {𝑥𝑖𝑝: 1 ≤ 𝑖 ≤ 𝑞 − 1}. 

Thus, there are two prime power order Cayley graphs of 𝐺 with respect to the subsets 𝑆(𝑝) and 𝑆(𝑞). 

First, the prime power order Cayley graph of 𝐺 with respect to 𝑆(𝑝), 𝐶𝑎𝑦𝑝𝑝(𝐺, 𝑆
(𝑝)), is constructed 

using the following lemmas. 

 

Lemma 1  Let 𝐺 be a cyclic group of order 𝑝𝑞, and let 𝑆(𝑝) = {𝑔 ∈ 𝐺: |𝑔| = 𝑝}. For 1 ≤ 𝑗 ≤ 𝑞, let 𝑉𝑗 =

{𝑥𝑖𝑞+(𝑗−1): 0 ≤ 𝑖 ≤ 𝑝 − 1}. Then, 𝐺 is the disjoint union of the sets 𝑉1, 𝑉2, … , 𝑉𝑞. 

 

Proof. Let 𝐺 = ⟨𝑥⟩ with |𝑥| = 𝑝𝑞. Then, 𝐺 = {𝑥𝑡: 0 ≤ 𝑡 ≤ 𝑝𝑞 − 1}. Let 𝑡 = 𝑖𝑞 + (𝑗 − 1) for 0 ≤

𝑖 ≤ 𝑝 − 1. Then, 𝑥𝑡 ∈ 𝑉𝑗 for 1 ≤ 𝑗 ≤ 𝑞. Each 𝑉𝑗 contains 𝑝 distinct elements, and since there are 𝑞 

sets, their union contains 𝑝𝑞 distinct elements. Hence, 𝐺 = 𝑉1 ∪ 𝑉2 ∪⋯∪ 𝑉𝑞. ∎

   

Lemma 2  Let 𝐺 be a cyclic group of order 𝑝𝑞, and let 𝑆(𝑝) = {𝑔 ∈ 𝐺: |𝑔| = 𝑝}. For 1 ≤ 𝑗 ≤ 𝑞, let 𝑉𝑗 =

{𝑥𝑖𝑞+(𝑗−1): 0 ≤ 𝑖 ≤ 𝑝 − 1}. Then, every pair of distinct vertices in 𝑉𝑗 are adjacent. 

 

Proof. Let 𝑔, ℎ ∈ 𝑉𝑗 such that 𝑔 = 𝑥𝑖𝑞+(𝑗−1) and ℎ = 𝑥𝑖
′𝑞+(𝑗−1) for 0 ≤ 𝑖, 𝑖′ ≤ 𝑝 − 1 and 𝑖 ≠ 𝑖′. 

Then, 𝑔ℎ−1 = 𝑥(𝑖−𝑖
′)𝑞 ∈ 𝑆(𝑝). Therefore, 𝑔 ∼ ℎ for all 𝑔 ≠ ℎ ∈ 𝑉𝑗 .  ∎ 

 

Lemma 3 Let 𝐺 be a cyclic group of order 𝑝𝑞, and let 𝑆(𝑝) = {𝑔 ∈ 𝐺: |𝑔| = 𝑝}. For 1 ≤ 𝑗, 𝑗′ ≤ 𝑞 and 

𝑗 ≠ 𝑗′, let 𝑉𝑗 = {𝑥
𝑖𝑞+(𝑗−1): 0 ≤ 𝑖 ≤ 𝑝 − 1} and 𝑉𝑗′ = {𝑥

𝑖′𝑞+(𝑗′−1): 0 ≤ 𝑖′ ≤ 𝑝 − 1}. Then, every vertex 

in 𝑉𝑗 are not adjacent to any vertex in 𝑉𝑗′. 

 

Proof. Let 𝑔 ∈ 𝑉𝑗 and ℎ ∈ 𝑉𝑗′ for 𝑗 ≠ 𝑗′.  

 

Case 1:  If 𝑖 = 𝑖′, then 𝑔ℎ−1 = 𝑥𝑗−𝑗
′
∉ 𝑆(𝑝). 

Case 2:  If 𝑖 ≠ 𝑖′, then 𝑔ℎ−1 = 𝑥(𝑖−𝑖
′)𝑞+(𝑗−𝑗′) ∉ 𝑆(𝑝). 

 

Therefore, 𝑔 ≁ ℎ for every 𝑔 ∈ 𝑉𝑗 and ℎ ∈ 𝑉𝑗′. ∎

  

By using these lemmas, the following theorem for the prime power order Cayley graphs of 𝐺 with 

respect to 𝑆(𝑘), 𝐶𝑎𝑦𝑝𝑝(𝐺, 𝑆
(𝑘)), where 𝑘 ∈ {𝑝, 𝑞}, is established. 

 

Theorem 1 Let 𝐺 be a cyclic group of order 𝑝𝑞, where 𝑝 and 𝑞 are distinct primes. Let 𝑆(𝑘) = {𝑔 ∈

𝐺: |𝑔| = 𝑘} for 𝑘 ∈ {𝑝, 𝑞}. The prime power order Cayley graphs of 𝐺 with respect to 𝑆(𝑘) are: 

 

𝐶𝑎𝑦𝑝𝑝(𝐺, 𝑆
(𝑘)) = {

𝑞𝐾𝑝      if  𝑘 = 𝑝,

𝑝𝐾𝑞      if  𝑘 = 𝑞.
 

 

Proof. Let 𝐺 be a cyclic group of order 𝑝𝑞, generated by 𝑥. Then, 𝐺 = {𝑒, 𝑥, 𝑥2, 𝑥3, … , 𝑥𝑝𝑞−1}. 

For 𝑘 ∈ {𝑝, 𝑞}, let 𝑆(𝑘) be a non-empty subset of 𝐺 such that 𝑆(𝑘) = {𝑔 ∈ 𝐺: |𝑔| = 𝑘} = {𝑥𝑖𝑝𝑞/𝑘: 1 ≤

𝑖 ≤ 𝑘 − 1}.  

 The structure of 𝐶𝑎𝑦𝑝𝑝(𝐺, 𝑆
(𝑘)) is considered for the following cases: 
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Case 1:  𝑘 = 𝑝. By Lemma 1, the elements of 𝐺 are partitioned into 𝑞 disjoint sets. Hence, by Definition 

1, 𝑉 (𝐶𝑎𝑦𝑝𝑝(𝐺, 𝑆
(𝑝))) = 𝐺 = ⋃𝑗=1

𝑞
𝑉𝑗. By Lemma 2, every pair of distinct vertices in 𝑉𝑗 is adjacent, 

forming a complete graph 𝐾𝑝, while Lemma 3 implies that the vertices in distinct sets 𝑉𝑗 and 𝑉𝑗′ for 𝑗 ≠

𝑗′ are not adjacent. Therefore, 𝐶𝑎𝑦𝑝𝑝(𝐺, 𝑆
(𝑝)) is the disjoint union of 𝑞 complete graphs, that is, 

𝐶𝑎𝑦𝑝𝑝(𝐺, 𝑆
(𝑝)) = 𝐾𝑝 ∪ 𝐾𝑝 ∪⋯∪ 𝐾𝑝⏟            

𝑞 times

= 𝑞𝐾𝑝. 

Case 2:  𝑘 = 𝑞. The proof follows a similar approach as in Case 1.       ∎ 

 

Next, the spectrum and Laplacian spectrum of the prime power order Cayley graphs 

associated with cyclic groups of order 𝑝𝑞, are obtained, as stated in Proposition 4 and Proposition 

5. 

 

Proposition 4 Let 𝐺 be a cyclic group of order 𝑝𝑞, and let 𝑆(𝑘) = {𝑔 ∈ 𝐺: |𝑔| = 𝑘} for 𝑘 ∈ {𝑝, 𝑞}. Then, 

the spectrum of 𝐶𝑎𝑦𝑝𝑝(𝐺, 𝑆
(𝑘)) is 

 

𝑆𝑝𝑒𝑐 (𝐶𝑎𝑦𝑝𝑝(𝐺, 𝑆
(𝑘))) = {

{(𝑝 − 1)𝑞 , (−1)𝑞(𝑝−1)}      if  𝑘 = 𝑝,

{(𝑞 − 1)𝑝, (−1)𝑝(𝑞−1)}      if  𝑘 = 𝑞.
 

 

Proof. We compute the spectrum of 𝐶𝑎𝑦𝑝𝑝 (𝐺, 𝑆
(𝑝𝑘)) in two cases. 

 

Case 1:  𝑘 = 𝑝. By Theorem 1, 𝐶𝑎𝑦𝑝𝑝(𝐺, 𝑆
(𝑝)) = 𝑞𝐾𝑝. By Proposition 1,  

 

𝑆𝑝𝑒𝑐(𝐾𝑝) = {(𝑝 − 1)
1, (−1)𝑝−1}. 

 

Then by Proposition 2, 

 

𝑆𝑝𝑒𝑐 (𝐶𝑎𝑦𝑝𝑝(𝐺, 𝑆
(𝑝))) = {(𝑝 − 1)𝑞 , (−1)𝑞(𝑝−1)}. 

 

Case 2:  𝑘 = 𝑞. The proof follows a similar approach as in Case 1.        ∎ 

 

Proposition 5 Let 𝐺 be a cyclic group of order 𝑝𝑞, and let 𝑆(𝑘) = {𝑔 ∈ 𝐺: |𝑔| = 𝑘} for 𝑘 ∈ {𝑝, 𝑞}. Then, 

the Laplacian spectrum of 𝐶𝑎𝑦𝑝𝑝(𝐺, 𝑆
(𝑘)) is 

 

𝐿𝑠𝑝𝑒𝑐 (𝐶𝑎𝑦𝑝𝑝(𝐺, 𝑆
(𝑘))) = {

{0𝑞 ,  𝑝𝑞(𝑝−1)}      if  𝑘 = 𝑝,

{0𝑝,  𝑞𝑝(𝑞−1)}      if  𝑘 = 𝑞.
 

 

Proof. We compute the Laplacian spectrum of 𝐶𝑎𝑦𝑝𝑝 (𝐺, 𝑆
(𝑝𝑘)) in two cases. 

 

Case 1:  𝑘 = 𝑝. By Theorem 1, 𝐶𝑎𝑦𝑝𝑝(𝐺, 𝑆
(𝑝)) = 𝑞𝐾𝑝. By Proposition 1,  

 

𝐿𝑠𝑝𝑒𝑐(𝐾𝑝) = {0
1,  𝑝𝑝−1}. 

 

Then by Proposition 2 and Proposition 3, 

 

𝐿𝑠𝑝𝑒𝑐 (𝐶𝑎𝑦𝑝𝑝(𝐺, 𝑆
(𝑝))) = {0𝑞 ,  𝑝𝑞(𝑝−1)}. 



Proceedings Science and Mathematics 

 11 

 

Case 2:  𝑘 = 𝑞. The proof follows a similar approach as in Case 1.        ∎ 

 

 

Conclusion 

In this paper, the prime power order Cayley graphs of the cyclic group 𝐺 of order 𝑝𝑞, where 𝑝 and 𝑞 

are distinct primes, are constructed with respect to the subsets 𝑆(𝑝) and 𝑆(𝑞), and the resulting graphs 

are found to be isomorphic to 𝑞𝐾𝑝 and 𝑝𝐾𝑞. Moreover, their spectrum are {(𝑝 − 1)𝑞 , (−1)𝑞(𝑝−1)} and 

{(𝑞 − 1)𝑝, (−1)𝑝(𝑞−1)}, while their Laplacian spectrum are {0𝑞 ,  𝑝𝑞(𝑝−1)} and {0𝑝,  𝑞𝑝(𝑞−1)}, 

respectively. 
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